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Abstract

In this thesis, the transient free convection in micropolar fluid with heat generation and
constant heat flux is discussed. The governing equations are set. To solve them two
different techniques namely, the finite difference method and Laplace transform method,
has been adopted. Before use of the finite difference method the governing equations are
made dimensionless. The solutions obtained are plotted and discussed. The values
proportional to the coefficient of skin friction and Nusselt number are also tabulated and
discussed. The Laplace transform method is also uscd to the set of equations which are
linearized by dropping the convective terms. For i inverse Laplace transform Mathematica
is used. The solutions of the linearized form of the equations are also plotted and

discussed.
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Chapter 1

Introduction

The concept of micropolar fluids introduced by Eringen [1] deals with a class of fluids
which exhibit certain microscopic effects arising from the local structure and
micromotions of the fluid elements. These fluids contain dilute suspensions of rigid
macromolecules with individual motions which support stress and body moments and are
influenced by spin-inertia. Zakaria [2] pointed that the theory of micropolar fluid and its
extension to thermo-micropolar fluids [3] may form suitable non-Newtonian fluid models
which can be used to analyze the behavior of exotic lubricants [4,5], colloidal suspensions
or polymeric fluids [6], liquid crystals [7,8] and animal blood [9]. Some theoretical
studies [7-9] have been compared and favorably agree with experimental measurement.
Furthermore, Kolpashchikov et al. [10] have devised a way to measure micropolar
parameters experimentally. However, more experimental and theoretical work is still
required in this area. A thorough review of the subject and application of micropolar fluid
mechanics was provided by Arman et al. [11,12].Crane [13] considered a moving strip the
velocity of which is proportional to the local distance. Free convection in the boundary
layer flow of a micropolar fluid along a vertical wavy surface was investigated by Chiu
and Chou [14]. Hassanien and Gorla [15] studied the heat transfer to a micropolar fluid
from a non-isothermal stretching sheet with suction and blowing. Mixed convection
boundary layer flow of a micropolar fluid on a horizontal plate was derived by Gorla [16].
The theory of micropolar fluids as introduced by Eringen [1] can be used to explain the
flow of colloidal fluids, liquid crystals, animal blood, paints, polymers, etc. in which the
classical Newtonian fluids theory is inadequate. Ramachandran et al. [17] studied laminar
mixed convection in two-dimensional stagnation flows around heated surfaces by
considering both cases of an arbitrary wall temperature and arbitrary surface heat flux
variations. They found that a reversed flow developed in the buoyancy opposing flow
region, and dual solutions are found to exist for a certain range of the buoyancy parameter.
This work was then extended by Hassanien and Gorla [18] to micropolar fluids. They also
considered both assisting and opposing flows, but the existence of dual solutions was not
reported. Devi et al. [19] extended the problem posed by Ramachandran et al. [17] to the
unsteady case, and they found that dual solutions exist for a certain range of the buoyancy

parameter when the flow is opposing. Recently, Lok et al. [20,21] studied the similar



problem for steady and unsteady cases, for a vertical surface immersed in a micropolar
fluid. As the previous investigations, the existence of dual solutions was reported in [20]
only for the opposing flow regime. The flow through porous channels with expanding or
contracting walls has become very important because of its applications in biophysical
flows, e.g., pulsating diaphragms, filtration, blood flow, artificial dialysis, binary gas
diffusion, and air and blood circulation in the respiratory system. Uchida and Aoki [22]
first examined the viscous flow inside an impermeable tube with contracting cross
sections. Ohki [23] investigated the unsteady flow in a porous semi-infinite tube, whose
elastic wall had a varied length and a stable cross section. To simulate the laminar flow
field in cylindrical solid rocket motors, Goto and Uchida [24] analyzed the laminar
incompressible flow in a semi-infinite porous pipe, whose radius varied with time.
Bujurke et al. [25] obtained a series solution to the unsteady flow in a contracting or
expanding pipe. Majdalani et al. [26] obtained an exact similarity solution to the viscous
flow with small wall contractions or expansions and weakly permeability. Dauenhauer
and Majdalani [27] obtained a numerical solution and Majdalani and Zhou [28] got both

numerical and asymptotical solutions for moderate to large Reynolds numbers.

Physically micropolar fluids represent fluids consisting of randomly oriented particles
suspended in a viscous medium, where the deformation of fluid particles is ignored It has
found its applications specially, in lubrication theory. Soundalgekar [29] obtained
approximate solutions for the two dimensional flow of an incompressible, viscous fluid
flow past an infinite porous vertical plate with constant suction velocity normal to the
plate. It was found that the difference between the temperature of the plate and the free
stream is significant to cause the free convection currents. Natural convection driven by
thermal dispersion and internal heat generation plays important role in the overall heat
transfer. Natural convection with internal heat generation finds application in fire and
combustion modeling. Gorla and Tornabene [30] investigated the effects of thermal
radiation on mixed convection flow over a vertical plate with non-uniform heat flux
boundary condition. Raptis [31] studied numerically the case of a steady two dimensional
flow of a micropolar fluid past a continuously moving plate with a constant velocity in
the presence of thermal radiation. Kim [32] studied the unsteady free convection flow of a
micropolar fluid through a porous medium bounded by an infinite vertical plate. Kim and
Fedorov [33] studied the transient mixed radiative convection flow of a micropolar fluid

past a moving, semi-infinite vertical porous plate. El-Amin [34] studied the combined



effect of internal heat generation and magnetic field on free convection and mass transfer
flow in a micropolar fluid with constant suction. El-Hakiem [35] studied the natural

convection in a micropolar fluid with thermal dispersion and internal heat generation.

1.1 Some Useful Dimensionless Parameters

Reynolds number (R,)
The Reynold's number (R, ), the most important parameter of the dynamics of a viscous

fluid, which represents the ratio of the inertia force to viscous force and is defined as

R = Inertia force _ pU’L’ _UL
° Viscous force ~uUL v

where U and L denotes the characteristic velocity and length respectively and v=Lis

o,
the kinematic viscosity ( p and u are the density and coefficient of viscosity of the fluid
respectively). When the Reynolds number of the system is small, the viscous force is
predominant and the effect of viscosity with be felt in the whole velocity field. When the
Reynolds number is large the inertial force is predominant and the effects of viscosity is
important only in a narrow region near the solid wall or other restricted region which is
known as boundary layer. If the Reynolds numbers is enormously large, the flow

becomes turbulent.

Prandtl number (P,)
The Prandtl number is the ratio of kinematic viscosity to thermal diffusivity and may be
written as follows

_ Kinematic viscosity = v
" Thermal diffusivity  k/pC,

where C , is the specific heat at the constant pressure and £ is the thermal conductivity.

The value of is the thermal diffusivity due to the heat conduction. The smaller

P

value of that is, the narrower is the region which is affected by the heat conduction and it

is known as the thermal boundary layer. The value of v=£ is the effect of viscosity of

yo,

fluid. Thus the Prandtl number shows the relative importance of heat conduction and



viscosity of a fluid. For a gas the Prandtl number is of order of unity. Evidently, P, varies
from fluid to fluid, for air P, = 0.71 (approx.), for water at 15.5°C, P. = 7.00 (approx.),
for mercury P. = 0.044 (approx.), but for high viscous fluid it may be very large, e.g. for

glycerin P, = 7250 (approx.).

Schmidt number (S,)

Schmidt number is a dimensionless number defined as the ratio of momentum diffusivity
(viscosity) and mass diffusivity and is used to characterize fluid flow in which there are
simultaneous momentum and mass diffusion convection processes. It physically relates
the relative thickness of the hydrodynamic layer and mass transfer boundary layer.

Schmidt number is the mass transfer equivalent of Prandtl number. For gasses, S and Pr
have similar values (= 0.7)and this is used as the basis for simple heat and mass transfer

analogies.
The ratio of the viscous diffusivity to the chemical molecular diffusivity and is defined as
g = Viscous diffusivity

©  Chemical molecular diffusivity

i
Dm

Grashof number (G,)

It frequently arises in the study of situations involving natural convection. The volume

expansion coefficient fis defined as f = _L[a_p]
p\oT ),

The Grashof number G, is defined as

* T —
G, -8 AT ~T.)

Uy

and is a measure of the relative importance of the buoyancy forces and viscous forces.

Eckert number (E,)
The Eckert number E. is useful in determining the relative importance in a heat transfer

situation of the kinetic energy of a flow. It is the ratio of the kinetic energy to the

enthalpy(or the dynamic temperature to the temperature) driving force for heat transfer



2
E = L T U is the fluid velocity outside the boundary layer, ¢, is the specific heat at

constant pressure and AT is the driving force for heat transfer (e.g. wall temperature

minus free stream temperature).

Dufour number (D, )

The Dufour number D, is defined as

DuzD’"kT((?(:“’ _TC;) , k, Thermal diffusion ratio, D, molecular diffusivity and
age, Ol =1

c, concentration susceptibility.

Soret number (S,)

D,k,(T,-T.)

, I, mean temperature.
¢,T,(C, ~C,)

The Soret number S, is defined as S, =

Nusselt number (VN,)

Nusselt number is defined as the ratio of convection heat transfer to fluid conduction heat

transfer under the same conditions

_ WT,-T,) AL
““k,@T,-T,)/L k,

k, thermal conductivity of the fluid, h convective heat transfer coefficient, L

characteristic length.

It can be also put in the form N, = _—1 S_T
AT\ oy | _
y=0

1.2 Heat and Mass Transfer

Combined heat and mass transfer problems are of importance in many processes and have
therefore received a considerable amount of attention. In many mass transfer processes,
heat transfer considerations arise owing to chemical reaction and are often due to the
nature of the process. In processes such as drying, evaporation at the surface water body,
energy transfer in a wet cooling tower and the flow in a desert cooler, heat and mass

transfer occur simultaneously. In many of these processes, the interest lies in the



determination of the total energy transfer, although in processes such as drying, the
interest lies mainly in the overall mass transfer for moisture removal. Natural convection
processes involving the combined mechanisms are also encountered in many natural
processes, such as evaporation, condensation and agricultural drying, in many industrial
applications involving solutions and mixtures, in the absence of an externally induced
flow, and in many chemical processing systems. In many processes such as the curing of
plastics, cleaning and chemical processing of materials relevant to the manufacture of
printed circuitry, manufacture of pulp-insulated cables etc., the combined buoyancy
mechanisms arise and the total energy and material transfer resulting from the combined

mechanisms, has to be determined.

The basic problem is governed by the combined buoyancy effects arising from the
simultaneous diffusion of thermal energy and of chemical species. Therefore the continuity,
momentum, energy and concentration equations are coupled through the buoyancy terms
alone, if the other effects, such as the Soret and Dufour effects are neglected. This would
again be valid for low species concentration levels. These additional effects have also been
considered in several investigations, for example, the work of Caldwel [36], Groots and
Mozur [37], Hurle and Jakeman [38] and Legros, et al. [39,40].

Somers [41] considered combined buoyancy mechanisms for flow adjacent to a wet
isothermal vertical surface in an unsaturated environment. Uniform temperature and
uniform species concentration at the surface were assumed and an integral analysis was

carried out to obtain results which are expected to be valid for P, and S, values around

1.0 with one buoyancy effect being small compared with the other. Gill et al. [42] and
Lowell and Adams [43] also considered this problem, including additional effects such as
appreciable normal velocity at the surface and comparable species concentrations in the
mixture. Similar solutions were investigated by Lowel and Adams [43] and by Adams
and Lowell [44]. Light foot [45] and Saville and Churchill [46] considered some
asymptotic solutions. Adams and McFadden [47] presented experimental measurements
of heat and mass transfer parameters, with opposed buoyancy effects. Gebhart and Pera
[48] studied laminar vertical natural convection flows resulting from the combined
buoyancy mechanisms in terms of similarity solutions. Similar analyses have been carried

out by Pera and Gebhart [49] for flow over horizontal surfaces.



Mollendrof and Gebhart [50] carried out a similar analysis for axisymetric flows. The
governing equations were solved for the combined effects of thermal and mass diffusion
in an axisymetric plume flow. Tenner and Gebhart [51], Hubbell and Gebhart [52] and
Boura and Gebhart [53] have studied buoyant free boundary flows in a concentration-
stratified medium. Agrawal et al. [54, 55] have studied the combined buoyancy effects on
the thermal and mass diffusion on MHD natural convection flows, and it is observed that,

for the fixed G, and P, the value of X, (dimensionless length parameter) decreases as

the strength of the magnetic parameter increases. Georgantopoulos et al. [56] discussed
the effects of free convective and mass transfer in a conducting liquid, when the fluid is
subjected to a transverse magnetic field. Haldavnekar and Soundalgekar [57] studied the
effects of mass transfer on free convective flow of an eclectically conducting viscous
fluid past an infinite porous plate with constant suction and transversely applied magnetic
field. An exact analysis was made by Soundalgekar et al. [58] of the effects of mass
transfer and the free convection currents of the MHD Stokes (Rayleigh) problem for the
flow of an electrically conducting incompressible viscous fluid past an impulsively
started vertical plate under the action of a transversely applied magnetic field. They

neglected the heat due to viscous and Joule dissipation and induced magnetic field.

During the course of discussion, the effects of heating G, <0 of the plate by free
convection currents , and G,, (modified Grashof number), S. and M on the velocity and
the skin friction are studied. Nanousis and Goudas [59] have studied the effects to mass
transfer on free convective problem in the Stokes problem for an infinite vertical limiting
surface. Raptis and Kafoussias [60] presented the analysis of free convection and mass
transfer of steady hydromagnetic flow of an electrically conducting viscous
incompressible fluid through a porous medium, occupying a semi-infinite region of the
space boundary by an infinite vertical and porous plate under the action of transverse
magnetic field. Approximate solutions have been obtained for the velocity, temperature,
concentration field and the rate of heat transfer. The effects of different parameters on the
velocity field and the rate of heat transfer are discussed for the case of air (Prandtl number
P, = .71) and the water vapour (Schmidt number S, = .60). Raptis and Tzivanidis [61]
consider the effects of variable suction/injection on the unsteady two dimensional free
convective flow with mass transfer of an eclectically conducting fluid past a vertical

accelerated plate in the presence of transverse magnetic field. Solutions of the equations



governing the flow are obtained with the power series. An analysis of two dimensional
steady free convective flow of a conducting fluid, in presence of a magnetic field and a
foreign mass, past an infinite vertical porous and unmoving surface is carried out by
Raptis [62], when the heat flux is constant at the limiting surface and the magnetic
Reynolds number of the flow is not small. Assuming constant suction at the surface,
approximate solutions of the coupled nonlinear equations are derived for the velocity field,
the temperature field, the magnetic field and for their related quantities. Agrawal et al. [63]
consider the steady free convection flow with mass transfer of an electrically conducting

liquid along a plane wall with periodic suction.

1.3 Free and Forced Convection

In the studies related to heat transfer considerable effort has been directed towards the
convective mode in which the relative motion of the fluid provides an additional
mechanism for the transfer of energy and material, the later being a more important
consideration in cases where mass transfer, due to a concentration difference, occurs.
Convection is inevitably coupled with the conductive mechanisms, since, although the
fluid motion modifies the transport process, the eventual transfer of energy from one fluid
element to another in its neighborhood is through conduction. Also, at the surface the
process is predominantly that of conduction because the relative fluid motion is brought
to zero at the surface. A study of the convective heat transfer therefore involves the
mechanisms of conduction and sometimes those of radiative processes as well, coupled
with that fluid flow. These make the study of this mode of heat or mass transfer very
complex, although its importance in technology and in nature can hardly be exaggerated.
The heat transfer in convective mode is divided into two basic processes. If no externally
induced flow is provided and flow arises naturally simply owing to the effect of a density
difference, resulting from a temperature or concentration difference in a body force field,
such as the gravitational field, the process is referred to the natural convection. On the
other hand if the motion of the fluid is caused by an external agent such as the externally
imposed flow of a fluid stream over a heated object, the process is termed as forced
convection. In the forced convection, the fluid flow may be the result of, for instance, a
fan, a blower, the wind or the motion of the heated object itself. Such problems are very
frequently encountered in technology where the heat transfers to or from a body is often
due to an imposed flow of a fluid at a different temperature from that of a body. On the

other side, in the natural convection, the density difference gives rise to buoyancy effects,



owing to which the flow is generated. A heated body cooling in ambient air generates
such a flow in the region surrounding it. Similarly the buoyant flow arising from heat
rejection to the atmosphere, and to other ambient media, circulations arising in heated
rooms, in the atmosphere, and in bodies of water, rise of buoyant flow to cause thermal
stratification of the medium, as in temperature inversion and many other such heat
transfer process in our natural environment, as well as in many technological applications,
are included in the area of natural convection. The flow may also arise owing to
concentration differences such as those caused by salinity differences in the sea and by
composition differences in chemical processing unit, and these cause a natural convection
mass transfer. Practically some time both processes, natural and forced convection are
important and heat transfer is by mixed convection, in which neither mode is truly
predominant. The main difference between the two really lies in the word external. A
heated body lying in still air loses energy by natural convection. But it also generates a
buoyant flow above it and body placed in that flow is subjected to an external flow and it
becomes necessary to determine the natural, as well as the forced convection effects and
the regime in which the heat transfer mechanisms lie. When MHD became a popular
subject, in was natural that these flows be investigated with the additional ponder for
different body force as well as the buoyancy force. At a first glance there seems to be no
practical applications for these MHD solutions, for most heat exchangers utilize liquids,
whose conductively is so small that prohibitively large magnetic fields are necessary to
influence the flow. But some nuclear power plants employ heat exchangers with liquid
metal coolants, so the application of moderate magnetic fields to change the convection
pattern appears feasible. Another classical natural convection problem is the thermal
instability that occurs in a liquid heated from below. This subject is of natural interest to
geophysicists and astrophysicists, although some applications might arise in boiling heat
transfer. The basic concepts involve in employing the boundary layer approximation to
natural convection flows are very similar to those in forced flows. The main difference
lies in the fact that the pressure in the region beyond the boundary layer is hydrostatic
instead of being imposed by an external flow, and that the velocity out side the layer is
zero. However the basic treatment and analysis remain the same. The book by Schlichting
[64] is an excellent collection of the boundary layer analysis. There are several methods
for the solution of the boundary layer equations namely the similarity variable method,
the perturbation method, analytical method etc. and their details are available in the books
by Rosenberg [65] Patanker and Spalding [66] and Spalding [67].



1.4 MHD Micropolar Fluid

The concept of micropolar fluid deals with a class of fluids that exhibit microscopic
effects arising from the local structure and micromotions of the fluid elements. These
fluids contain dilute suspension of rigid macromolecules with individual motions that
support stress and body moments and are influenced by spin inertia. Micropolar fluids are
those which contain micro-constituents that can undergo rotation, the presence of which
can affect the hydrodynamics of the flow so that in can be distinctly non-Newtonian. It
has many practical applications, for example analyzing the behavior of exotic lubricants,
the flow of colloidal suspensions or polymeric fluids, liquid crystals, additive suspensions,

human and animal blood, turbulent shear flow and so forth.

The theory of micropolar fluids was first proposed by Eringen [1]. In this theory the local
effects arising from the microstructure and the intrinsic motion of the fluid elements are
taken into account. Physically, the micropolar fluid can consist of a suspension of small,
rigid cylindrical elements such as large dumbbell-shaped molecules. The theory of
micropolar fluids is generating a very much increased interest and many classical flows
are being re-examined to determine the effects of the fluid microstructure. Peddision and
McNitt [68] applied the micropolar boundary layer theory to the problems of steady
stagnation point flow and steady flow over a semi-infinite flat plate. Eringen [3]
developed the theory of thermomicropolar fluids by extending the theory of micropolar
fluids. Gorla [69] investigated the steady boundary layer flow of a micropolar fluid at a
two dimensional stagnation point on a moving wall and claimed that the micropolar fluid
model is capable of predicting results which exhibit turbulent flow characteristics.
Although it is difficult to see how a steady laminar boundary layer flow could 'appear’ to
be turbulent. Takhar and Soundalgekar [70] have studied the effects of suction and
injection on the flow of a micropolar fluid past a continuously moving semi-infinite
porous plate. Hossain and Ahmed [71] have studied the common effect of forced and free
convection with uniform heat flux in the presence of a strong magnetic field. In their
study, the effect of both viscous and Joule heating were neglected. Mohammadein and
Gorla [72] analyzed the effects of magnetic field on the laminar boundary layer mixed
convection flow of a micropolar fluid over a horizontal plate. However the work by Rees
and Bassom [73] on the Blassius boundary layer flow over a flat plate suggests that much
more information about the solution of boundary layer flows of a micropolar fluid can be

obtained.
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Rees [74] have studied free convection boundary layer flow of a micropolar fluid from a
vertical flat plate. In this paper he showed the qualitative behaviour which was found in
his previous work. This qualitative result was different from that given in his previous
work, where Blasius boundary layer flow of a micropolar fluid was found to reduce to a
self-similar form when s=0.5, where s is a constant. In this work he has sought to analyze
in detail the micropolar analogue of the classical vertical free convection boundary-layer
flow. The presence of micropolar effects served to cause the boundary layer (i) to become
non-similar and (ii) to form a well defined two-layer structure at a large distance from the
leading edge. Finally it is of interest to query why two-layer asymptotic structure was not
found in the mixed convection analysis of Gorla [69]. In that paper the authors showed
correctly that forced convection effects dominate near the leading edge, but that free
convection effects dominates further downstream. The natural convection flow of
micropolar fluids in a porous medium was studied by Mohammadein and Gorla [72].
They obtained the effects of Joule heating on the magnetohydrodynamic free convection

of a micropolar fluid.

El-Hakiem [35] has studied Joule heating effects on magnetohydrodynamic free
convection flow of a micropolar fluid. Numerical solutions are obtained for the flow and
temperature fields for several values of the material properties of the micropolar fluid and
the magnetic field strength parameter. El-Amin [75] has studied magnetohydrodynamic
free convection and mass transfer flow in micropolar fluid with constant suction.
Approximate solutions of the coupled nonlinear governing equations are obtained for

different values of the microrotation parameter.

Rahman and Sattar [76] have studied about magnetodynamic convective flow of a
micropolar fluid past a continuously moving vertical porous plate in the presence of heat
generation/absorption. In this works they have extended the work of El- Arabawy [77] to
a magnetohydrodynamic flow taking into account the effect of free convection and
microrotation inertia term which has been neglected by El-Arabawy [77]. They have also
considered the heat generation/absorption effects to a porous plate with constant suction.
In this work, the effect of the internal heat generation/ absorption on a steady two-
dimensional convective flow of a viscous incompressible micropolar fluid past a vertical

porous plate has been investigated using Finite difference method iteration technique.
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Chapter 2

The Basic Governing Equations

In this chapter those equations governs the flow of micropolar fluids in presence of
magnetic field or not will be put forward.

The generalized Continuity equation, Momentum equation, Angular Momentum equation,
Energy equation and Concentration equation together with the Ohm’s law and Maxwell’s
equations from the basis of studying Magneto Fluid Dynamics (MFD). These equations
are as follows:

The continuity equation for a viscous compressible electrically conducting fluid in vector

form is

op (3

L +V.(pg)=0 o @
ar .I.

For incompressible fluid, the equation (2.1) becomes )

V.q=0 e 2.2)

In three dimensional Cartesian coordinate system the equation (2.1) becomes

o + Lo + o 0 (2.3)
ox oy oz

The momentum equation for a viscous compressible fluid in vector form is
A_g_lyp, lywg+ovig (2.4)
dt P 3

For incompressible fluid, the equation (2.4) becomes

d—q=F—lVP+uv2q (2.5)
dt P

When the fluid moves through a porous medium, the equation (2.5) becomes

M Lap:ivig--2 g 2.6)
dt P K’

When electrically conducting fluid moves through a magnetic field of intensity H

(B=uH , where B is the magnetic field.), the equation (2.6) becomes as a

magnetohydrodynamic (MHD) equation in the following form

@=F-lvp+uv2q+lJAB-KL,q 2.7)
p

dt yo)

12



where J A B is the force on the fluid per unit volume produced by the interaction of the
electric and magnetic field (called Lorentz force).

Due to the presence of micro particles having microrotation the viscosity effect on the
momentum equation will be changed and the fluid velocity will also be influenced by
microrotation. As a result the momentum equation for a viscous incompressible

electrically conducting micropolar fluid is

9 _p_ lopiw+XyWwige EVAG)+LIAB-L2 ¢ 2.8)
dt P p P P K
The equation (2.8) can be written in the following form
A, qV)q= F-Llvpiw+Xyviq+ EwaG)+Ld AB———q (2.9)
ot P p p P K
dq _oq
where we haveused —=—7+(q.V
e (q-V)q

The angular momentum equation for a viscous incompressible electrically conducting

micropolar fluid is

4G _ ¥ o6+ E v ag-25G (2.10)
o p Jo) J2/

The equation (2.10) can be written in the following form

%G L ene=LvciEvrg-Xe @.11)
ot g Jo) 2/

where again & = s +(G.V)G is used
dt ot

The Energy equation for a viscous incompressible micropolar fluid with heat generation
and constant heat flux can be put in the following form

oT k'
—+(qV)T =
o (q.V)

VT+O(T-T,) (2.12)

P

The generalized Ohm’s law is of the form

r

o}

J=c'(E+qAB)—Z-(J AB)+-—VP, (2.13)
en,

e [

€en

The Maxwell’s equations are

VAH=J (2.14)
oB
VaE=~—" 2.15
A o (2.15)
V.B=0 (2.16)
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where p is the density of the fluid, q is the fluid velocity, u, v and w are the velocity

component in the x, y and z direction respectively, F is the body force per unit volume, P
is the fluid pressure and v is the kinematic viscosity, K’ is the permeability of the porous
medium, J is the current density vector , B is the magnetic field vector, k is the thermal

conductivity, G is the microrotation, y is the spin gradient viscosity, j is the microinertia
per unit mass, T is the fluid temperature, &, is thermal diffusion ratio,C, is the specific
heat at constant pressure, o' is the electrical conductivity, E is the electric field intensity,
C,is the concentration susceptibility, #,is the number of electron, P, is the pressure of
the electron. Also ¢ denotes the dissipation function involving the viscous stress and it

represents the rate at which energy is being dissipated per unit volume through the action
of viscosity. In fact the energy is dissipated in a viscous fluid in motion on account of

internal friction and for incompressible fluid, where

auY (avY (awY]| (ov ou) (ow v (ou ow)
ﬁ”-“‘“‘)H(ax] 3)(&) }(axa] Harel *[az*‘a?]] =

which is always positive, since all the terms are quadratic, where u is the coefficient of

viscosity.

The generalized Ohm’s law in the absence of electric field and neglecting the half-current
is of the form

J=0'(qAB) (2.18)

The magnetic field is B=(B,,B,,8.) (2.19)

where (Bx,By,B:) be the components of magnetic field.

i j Kk
Then gAB=| u v w |=(B,—wB))i+(wB, —uB,)j+uB, —vB, )k (2.20)
B. B, B,

Therefore the equation (2.18) becomes

J =0'(vB, —~wB,)i+c'(wB, —uB,) j+ o’ (uB, —vB,)k 2.21)
i i k
JAB=|c'(vB.-wB,)) o'(wB,—uB,) o'(uB, ~vB,)
B, B, B,
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=o'{(wB,B, —uB?)~ (B> —vB,B,)}i+c'{(uB,B, —vB ’)—(vB —wB B, )} j

+0'{(vB,B, —wB.)—(wB; —-uB,B.)}k
=(ocwB, B, —c'uB? —c'uB +ovB,B,)i +(cuB,B,~cVB’ —cvB: +0WB,B.)j

+(ovB,B, —o'wB; —cWB; +c'uB, B,)k (2.22)
Let F=(F,,F,,F)) (2.23)
where (F,, F,, F.) be the components of body force.

The microrotation is
G =(0,0,N) (2.24)
where (0,0, N) be the components of microrotation and the component N is the angular

velocity acting in z-direction (the rotation of N is in the x-y plane).

i j Kk
Then, VAG = o @ Bl ia—N+j@ (2.25)
ox oy Oz oy ox
0 0 N
i j k
6 0 0 ow ov,., ou ow, ,Ov Ou
Vaq=— — —|=(—-2)i+(——-—)j+(—-—)k (2.26)
ox Oy 0z Oy Oz 0z Ox ox oy
u v.ow
Again from (2.21) we have
J? =0"?(vB,-wB,)’ +c'*(wB, —uB,)’ + o'’ (uB, —vB,)’ 2.27)

In three dimensional Cartesian coordinate system the momentum equation (2.9) with the

help of the equations (2.22), (2.23) and (2.25) becomes

ou _ou _ Ou _Ou 1P K[@Zu o’u 6%;} K ON

—+U—A+V—A+W—=F, ———+ (+ )| —+—5+— |+ —
ot ox oy 0z p Ox p\ox” oy 0Oz p Oy (2.28)

+Z{(wB,B, —uB?)—(uB’ —vaBy)}—%w
Yo,

p Ox

ov ov_ ov  ov 1 0P k[0 o8v 8’v) xoN
—gu—spp—pw—= ey bt
o0 o o o0z T poy ox oy oz

+Z{(uB,B, —vB*)—(vB} —wB,B,)} —%v
o)

(2.29)
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ow ow _ow _ow 1 oP k[0'w o'w O'w
— 4 U—+V—+W—=F, ———+(0+—) —5+—7+—
ot ox 0oy 0z T p Oz p\ox” oy 0Oz

-i-i{(vB}.B: —-ij)—(wa —-uB_B.)} —~;:—,w
P

(2.30)

In three dimensional Cartesian coordinate system the angular momentum equation (2.11)

with the help of the equations (2.24) and (2.26) becomes

2 75 2
oS S ;:r+a By X Oy o g 2.31)
ot Ox oy oz g\ ox oy 0z o ox Oy o

In three dimensional Cartesian coordinate system the energy equation (2.12) becomes

T r 2 ZT 2
LAk va +wa—T= R je }:+3 5 +6E‘ +@(I—T,) (2.32)
ot ox oy oz pC,\0x" 0oy Oz

Thus in three dimensional Cartesian coordinate system the continuity equation, the

momentum equation, the angular momentum equation and the energy equation become

The Continuity equation

%+%+%w-=0 (2.33)
4
The Momentum Equations
Ou Ou _Ou _Ou 1 oP xk[0u 0’u 0u) xoN
—tUu—+v—4W—=F, ———+ O+ Sttt |+ ———
ot ox oy 0z p Ox p\ox" oy° 0z p Oy
o’ 5 9 v
+;{(WBXB: —uB;)—(uB, —vB,B,)} —?-w (2.34)
v v ov o 1 0P k(o> o o) koN
—a— e —gW— = F S ———p (P — )t =g e
ot ox oy 0z p oy plox® oy oz p Ox
o A 2 v
+;{(uBIBy -vB.)—(vB. —wB, B.)} —?v (2.35)
ow ow Oow ow 1 oP k(0w o*w o'w
—+u—+v—Aw—=F, ———+ 0+ ) 5+ 5+
ot ox oy 0z T o poz ox~ 0oy 0z
o' 2 g v
+?{(vBsz —wB)—(wB; -quBz)}—Fw (2.36)
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The Angular momentum equation

araxayaz o’

—
oy

oz*

Pt L 2 N

N, ON ON oN y[azN 0*N 62N] Kk Ov ou
—tU—FV—FW— =" -

The Energy equation

6T o’T

g ox oy

or or or  or_ K (oT
o “ax ey ez pC,

ayZ
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Chapter 3

The Calculation Technique
Many physical phenomena in applied science and engineering when formulated into

mathematical models fall into a category of system known as non-linear coupled partial
differential equations. Most of these problems can be formulated as second order partial
differential equations. A system of non-linear coupled partial differential equations with
the boundary conditions is very difficult to solve analytically. For obtaining the solution
of such problem numerical methods are adopted. The governing equations contain a
system of partial differential equations that are transformed by usual transformation into a
non-dimensional system of non-linear coupled partial differential equations with initial
and boundary conditions. The Finite Difference Method may be adopted for solving the

non-linear coupled partial differential equations numerically.

When a partial differential equation contain both time and space derivatives sometimes a
technique is adopted to transfer that to an Ordinary Differential Equation (O.D.E.)
containing only space derivatives, as they are comparatively easy to handle. Laplace
transform provides the opportunity to do that. When this method is adopted three steps
are required to obtain the solution of the partial differential equation.

1) Taking Laplace transform of the equation(s) along with the initial and boundary
conditions (It will provide ODE with additional parameter that will come from
the kernel of the transform).

2) Obtaining particular solution of the ODE in terms of the position and the
parameter.

3) Use of Inverse Laplace Transform to get back the time variable in the obtained
particular solution.

In this research work the physical system considered has provided nonlinear coupled
partial differential equations, in terms of time and space derivatives. Hence Finite
Difference Method is adopted to solve those nonlinear partial differential equations
numerically. Attempt has also been made to solve coupled partial differential equations
analytically (to solve analytically the nonlinear terms present in the equations will not be
considered). To do that Laplace Transform Method is adopted. It may be mentioned
that convolution theorem has an important role in case of obtaining Inverse Laplace

Transform. The integrals arising through convolution theorem are quite tedious and to
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integrate them Mathematica® is used. In the following subsections finite difference

method, Laplace tramsform and inverse Laplace transform will be discussed.

3.1 Finite difference method:
In order to solve the governing partial differential equations by finite difference method,

let us consider a two-dimensional region. It is covered by a rectangular grid formed by

two sets of lines drawn parallel to the coordinate axes with grid spacing Axand Ay in x

and y directions respectively.

The numerical values of the dependent variables are obtained at the points of intersection
of the parallel lines, called mesh points, lattice points or nodal points. These values are
obtained by discretizing the governing partial differential equations over the region of
interest to derive approximately equivalent algebraic equations. The discretization
consists of replacing each derivative of the partial differential equation at a mesh point by
a finite difference approximation in terms of the values of the dependent variable at the
mesh point and at the immediate neighboring mesh points and boundary points. In doing

so, a set of algebraic equations arise.

Let the temperature T at a representative point be a function of two spatial coordinate x, y
and time t. We adopt the following notation. Let the subscripts i and j represent x and y
coordinates respectively and superscript n represents time. Let the mesh spacing in x and

y directions are denoted by Ax and Ay, also the time step by As. Thus T(x,y,t) can be
represented by T (iAx, jAy,nAt) =T,",

With this notation, let the function T and its derivatives are continuous. Then from
Taylor’s series expansions, the finite difference approximations to derivatives can be
obtained. For example, the Taylor’s series expansion of 7, , about the grid point (i, j)

i+l
gives
oT (Ax)®? 8°T i (Ax)? &°T . (Ax)* o'T

L=ty o 3 a0 4 &

+ higher order terms], ; (3.1.1)

ox | . Ax
derivative

aT ?:+I_j _'f:"_;' . . o . .
or, |—| =—2—""+[0(Ax)] is the forward difference approximation to the
L

ol with the truncation error of order Ax . Similarly
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2 A2 9 NG 4 A4
T-_,.=T..—[Ax£_(m) O°T , (A)' 0T _(Ax)* 8'T

e ¥ = ot B T TR + higher order terms], ,(3.1.2)

aT T:‘_Jf _7‘;—1,_; . . . .
or, o :—Ax—+[O(Ax)] is the backward difference approximation to the
iJ

. . oT . .
derivative — with the truncation error of order Ax and both are first order accurate.

2 t
4 i
/
/!
/
z
/ 1
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Fig. 3.1: Space time distribution

Subtracting equation (3.1.2) from equation (3.1.1), we obtain

Lo o=
[a_T} - i+1,f i=1,f +[O(Ax)2]
& ) 2Ax

- . . . .. oT . .
This is a central difference approximation to the derivative a—wrth the truncation error
X

of order (Ax)?, which is second order accurate.
2

: T g . . 0
The central difference approximation to a second order partial derivative ) can be

similarly obtained by adding the equations (3.1.1) and (3.1.2).

2 T, -2T +T,,
5 T] - i+, iJ =1 +[O(N)2]
iJ

ot Ax?

Similar expressions can be written for y derivatives.

Thus (
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52T T, J+l —2T;'j +T;;‘-| 2 . :
% == . s——=—+[O(Ay)"] which is also second order accurate.
y
i

For time it can be similarly written

Tﬂ+1 _ I"_
(ﬂ =" L[O(Ar)] which is 1* order accurate.
a), M

The expressions for mixed derivatives can be obtained by differentiating with respect to
each variable in turn. Thus for example,
[QJ _[a_T} SI—;H.}'H = T;+l,_.r'—l) _ (Tf—l.jn Bk T:'—I,_,i—l)
’r) _ o Ty Y )iy \V ), _ 2Ay 2Ay

oxdy ), Ox &y " 2Ax 2Ax

Therefore,

o'T _ T;+1,;+t - Tf+1,;—1 i T;—l,ﬁl i T:'—I.J-l
oxdy ), 40xdy

Proceeding in a similar manner, the central difference approximation to the third

derivative is found to be

[631") _ Tuay =20, +20, =T,
if

3 2 Ax:i
Similar approximations can be obtained even to higher order derivatives.
3.2 Laplace Transform.
Let F(t) be an arbitrary function of the real variable t that has only a finite number of

maxima and minima and discontinuities and whose value is zero for negative values of t.

o

If g(s)=[e"F()dt Reszc>0 (3.2.1)
0
then
o+ jo
F(t)= ZL Ig(s)e'“ds , where j* =-1 (3.2.2)
c—joo
provided
_[e'”F (t)dt converges absolutely. (3.2.3)
0

This is also known as Fourier-Mellin theorem.
It is generally used that

8()=L{F(0)} (3.24)
To denote the functional relation between g(s) and F(f) expressed in (3.2.1) it is said that
g(s) is the direct Laplace transform of F(f). The relation (3.2.2) is expressed

conveniently by the notation
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F(t)=L"{g(s)} (3.2.5)
It is then said that F(f) is the inverse Laplace transform of g(s).

3.3 Inverse Laplace Transform.
The problem of computing the inverse transforms of a function g(s) by the use of the

equation

c+ Joo

F(1) =% [g(s)e"ds (3.3.1)

o= jo

will now be considered.
The line integral for F(¢) is usually evaluated by transforming it into a closed contour and
applying the calculus of residues.

Let the closed contour I' consists of the straight line parallel to the axis of imaginaries

and at a distance c to the right of it and the large semicircle s, whose centre is at (c, 0).

Then
o+ JR
q-e"’g(s)ds= Ie"’g(s)ds+ e" g(s)ds (3.3.2)
r c—JR Sy

where c is chosen great enough so that all the singularities of the integral lie to the left of
the straight line along which the integral from ¢ — joo to ¢+ joo is taken.

The evaluation of the contour integral along the contour I" is greatly facilitated by the use
of Jordan’s lemma, which in this case may be stated in the following form:

Let ¢(s) be an integrable function of the complex variable s such that
|1|im ‘(p(s)| =0 (3.3.3)
Then

Ie“go(s)a{v =0 t0and Re s<0 (3.3.4)

Sy

It usually happens in practice that the function
#(s)=g(s) (3.3.5)

have such properties that Jordan’s lemma is applicable. In such a case the integral around

lim
R—m

the large semicircle in (3.2.2) vanishes as R — o0, and provides
1 e : el .
F =— st = e st 3.
(=5, [ 80e"ds = lim - de” g(s)ds (336)

Now, by Cauchy’s residue theorem, it follows that

[ g(s)ds =277Y residue of ¢"g(s) inside T (3.3.7)
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Hence by (3.3.6)

F(t) = Zresidue of e"g(s) inside I’ (3.3.8)
when R is large enough to include all singularities.
If the function e*g(s)is not single-valued within the contour I" and possesses branch

point within I, it may be made single-valued by introducing suitable cuts.

For the computation of an inverse transform, consider the determination of the inverse

transform of

= L{F (1)} (3.3.9)

g(s)=

s +a?

This function clearly satisfies the condition imposed by Jordan’s lemma.

Hence F(?) is given by (3.2.8) in the form

e st

F@{)=) res 3.3.10
=Tt 6310
The poles of e /(s> +a*)areat s=*ja (3.3.11)
For the above case the residue of the simple pole at s=ja is
es-‘ e_,i'a-‘
res._. = 33.12
et ra® 27a ( )
Similarly
e s T TR
MR o = L By 3.3.13
=X ra®  2ja -T-\_\. ( )
A
Hence 3
Jst _ =St .
e B (3.3.14)
a 2j a
Again consider
L'{g(s)} = —————=F(t) (3.3.15)
(s+a) +o

This function also satisfies the condition of Jordan’s lemma. To get F(f) one must
compute the sum of the residues of

st

e @

Gra i (3.3.16)

o(s)=

The poles of this function are at s=—atjo (3.3.17)

The sum of the residues at these poles is
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_ z _ —iot
earejmf earej

—— — =™ sinot=F() (3.3.18)
2jo 2jo

It may be thus concluded that once the function g(s) is known, its inverse may be readily
evaluated, provided g(s) satisfies the conditions of Jordan’s lemma, by means of the
residue theorem. Summarizing the results of the theory of residues as applied to (3.2.8) it

may stated that if g(s) has a simple pole at s = s5,then

rese” =lim(s—s,)g(s)e" (3.3.19)

Or if g(s) has a pole of order n at s =s,, then

res g(s)e® = lim[l/(n—=D!(d"" /ds"")(s —s,)" g(s)e” (3.3.20)

Thus these formulas may be used to evaluate the residues of g(s)e™ at all of its poles and

through the application of (3.2.8) the inverse is found.

Convolution theorem
This theorem is known in the literature as the Faltung or convolution theorem. In the

older literature of the operational calculus it is sometimes referred to as the superposition

theorem.

Let
L'{g, ()} =F (1) (3.3.21)
L'{g, ()} =E,@® (3.3.22)

then according to convolution theorem
L'{g,2,} = [FGF, (- y)dy = [F,(0)F (- y)dy (33.23)
0 0

To prove this, consider
L™ {g,(5)8, ()} = F (1) (3.3.24)

Then, by the Fourier-Mellin formula,

o+ joo

£ (r)=2%. [21(9)g,(s)e"ds (3.3.25)

€= jo

However, by hypothesis,

o

g,(s)= [e F,(»)dy (3.3.26)

1]

Therefore
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c+ jom

FO)= ﬁ [F0)dy [2,(s)e*ds (3.3.27)
0

c—foo

if no question is asked for reversing the order of integration.

However
c+ joo
— (i)’ ds = F(t-) | (3.3.28)
27? c— joo
Hence
F,(t)= [F,(0)F,(t~y)dy (3.3.29)
0

Now, by hypothesis, F; () = 0if t is less than 0.
F(t-y)=0fory>t (3.3.30)
Consequently the infinite limit of integration may be replaced by the limit t. Therefore

(3.3.29) can be written in the form
]
F(t)= [F,0)F - y)dy (3.331)
0
and by symmetry,

Fy(t)= [F()F,(t-y)dy (3.3.32)
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Chapter 4

Numerical Solution of the Transient Free Convection in Micropolar
Fluid with Heat Generation and Constant Heat Flux.

4.1 Introduction.

In this chapter the governing equations of the system will be solved numerically. To do
that the equations will be transferred to their non-dimensional form. The non-dimensional
equations will then be discretized to obtain their finite difference counterpart. As stability
is a very important issue for finite difference method to converge, that will also be

discussed.

4.2 Non-Dimensionalization of the governing equations
Let us consider the free convection of a micropolar fluid along the vertical plate. The

temperature of the plate is held at constant value of 7, and the heat flux is considered as
constant, the thermal dispersion effect is also included. We have considered x-axis along

the plate in the vertical direction and y-axis perpendicular to the plate. The governing

equations with the Boussinesq approximation can be put in the following form

1) Mass equation: @+@=0
ox 0oy
2
2) Momentum equation: @+ u@_u+vgv__ (v+—)——+ "BT-T.)+ k 6N
ot ox oy p oy’

3) Angular momentum equation: %+ua—N 6N & & N ¥ —@2N+ )

ox 8y g o oy
' 2
4) Energy equation: ":;—T—H¢£+va;r & gl +Q(T v

x y pe,
With the boundary conditions: u(x,0,¢) =0, N(x,0,£)=0, T(x,0,f) =T,

u(x,00,t) =0, N(x,0,0)=0, T(x,0,0)=T,,
Here u and v are velocity components associated with x and y directions measured along
and normal to the vertical plate respectively, v the kinematic coefficient of viscosity, k

the vortex viscosity, p the density of the fluid, g* the acceleration due to gravity, S the
coefficient of thermal expansion, T the temperature of the fluid in the boundary layer,

T, the free steam temperature, N the angular velocity, y the spin gradient viscosity, j the

microinertia per unit mass, £’ the thermal conductivity, ¢ 4 specific heat at constant

pressure and Q the heat generation.
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The variables are made dimensionless with the following substitution.

* * * * U * >
u =2, . x :ﬁx, y =y, o =Hog
U, U, 14 1% 1%
¢ T=T
ety paUiy =T
U, v (L =)

Along with them the following dimensionless quantities are introduced.

v, ¥ =
Prandtl Number, P, = A s ; Grashof number, Gr = w
kipC, k Us
¥ k : ; x
A=——0 A =—(Dimensionless material parameter)
P,Y 2id
2
Momentum equation: g—+u@+v—a—“—(v+£)a— g p(T-T. )+£@
o ox Oy p oy’ p Oy
01‘,76({{““) +U0u‘—-—a({{°u) +U0v'—a(b:“u ) _
o’ 1U?) ' 1U,) aw' 1U,)
0 o(U,u k o(N'U; Iv
s Wet) g p(r-1,)+ X ANV lY)
p o' 1U,) o' 1U,) p 6w IU,)
3 » 3 * 3 . 2 .
ﬁ@u‘+£u.6u.+iv.8u‘=( E)U_a
v ot v o Ox v oy p v 5y
or,
; k Uj N’
+ T-T.)+———t
g pT-=T.)+ o
or,
ou'  Jou"  .ou k. 10" 'k oN’
U el _( +_)_ 2 3g ﬂ(T T)
ot ox oy’ V 8y U pv &y
or,
ou' .ou  .ou az‘ T-T)I,-T.) k oN°
—+ U —+V = —) = 3gﬂ( X )
ot ox oy pVv U (T.-T,) pv 6y
or; T8 et 08 gt »ou sl Ay2 i o
ot ox
After dropping the asterisks, we have
2
@+ a—u+ 6—u—(1+¢5)a—+ﬂ.@+69 (4.1)
ot ox oy oy’ oy

27



Angular momentum equation: aly + u@ @r— = l - —( N+ )
ot ox oy g o

or,

d(N'UZ Iv) LON'UL Iv) L LO(N'U /v) _

oo 10D Y Ta0m Uy " 0w 1U)
¥ o d(N'UsIv) k 2N'Ug N aU,u")

AR AN AR R A

UleN' U, .oN" U, .aN y U3 &N kU; ou’
or, —- == iy o —_—3—,,2—— (2N
vialk v ox v oy gv oy g v oy’

ON° ON" .oN° y O’N" kv . ou
+ +v e — +—)
dy pyy- Upg oy

ON' .ON° JON' y &N k V? Lo

Ors * +u * +v * = 5 9 I —— 2 _(2N
ot Ox o py oy pvUj oy
* * * 2 L] *
o, aN: o aN‘ e aN‘ _,0 N2 —ﬁ,(zN%a“,)
ot ox oy &y oy

After dropping the asterisks, we have

G a9 o s g O 4.2)

5I3X@5y1®

; oT aT 6T k o°T
Energy equation: =y +u—

6x8ypc,,6y

+O(T-T.)

&-1.)

We have, 6 =
7, -T,)

or, T=( -T)0+T,
Putting this value at the above energy equation, we get
(T, -T.)0+T,} P (T, -T )0+T,} Uy (T, -T)O+T, }|
o’ 1U2) i a0’ 1U,) o¥ o(w' 1U,)
k 0 T, -T.)H)0+T,}
pe, 80y' 1Uy) 80w 1Uy)

+0(T -T)

or,
0’0

i ag U*’ 06 U; . 20 _ k_ 2
g = T, -T)—+0(T-T,)

== ~ @~ u (T, -T, )—+—

oyt pe, v
08 .00 .00 k 89 ¥ A=)

or, —+1€ pony ot ) -2 2Q
E o oy wee, o2 UL (T,-T.,)
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00 00 .00 100 v

or, 2% R 0
a lw Y Pyt Y
a6 . 00 + 00 1 0%

or, —+u —+V +af

ot ox ' P oy

v
where, a = — 0
0

After dropping the asterisks, we have

_5‘£+ 39 66 1 59+a9 (4.3)
ot ax 8y Pay

The transferred boundary conditions are:

u(x,0,t)=0, N(x,0,6)=0, 0(x,0,7)=1

u(x,0,) =0, N(x,0,t)=0, O(x,00,t)=0

4.3 Discretization
For simplicity an explicit method will be used. Let u’, N, 8’ denote the values u, N and &
at the end of a time step. Then the appropriate finite difference equations corresponding

to equations (4.1), (4.2), and (4.3) are

u —u. u. —u. .. U.on —U. U, —2u. +u. N. —N.
ey = *“;_Y L=(1+4)-2 (5},‘;2 Baed—t_—L+G0 @H
T
N' —N N, —N._,. N..—N, N,.—-2N,+N,_,
Ué_ if +u1}- if é:)(:—u +VU- g+'I5Y i 2/1 i+l (5]/;2 = __(2N u+1 !J) (4 5)
g J
o' -0, 6,6, 6. —0. 6. —206 +6.
b gy :% ot ah, (4.6)
T I r

during any time step. The coefficients u;;, vj; appearing in (4.4), (4.5) and (4.6) are
generally considered as constant. Then at the end of any time step or , the new
temperature 0’, the new angular momentum N’ and the new velocity components u’ at all
interior grid points may be obtained by successive applications of (4.6), (4.5) and (4.4)
respectively. This process is repeated in time and provided the time step is sufficiently
small u, N, @ should eventually converge to values which approximate the steady state

solution of equations (4.1), (4.2) and (4.3).
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4.4 Stability Analysis

Since the explicit procedure will to be used, we wish to know the largest time-step

consistent with stability. The stability analysis for simultaneous partial differential

equations is outlined below.

The general terms of the Fourier expansion for , N, and & at a time arbitrarily called t=0

are all ¢’ e"”" apart from a constant (herei =+/—1). At a time 7 later, these terms will

become

U= y/(r)e:ﬂk’eiﬂ]f' " N: g(r)er'aXel'ﬁY 3 9 i é;(r) e.-'a.’('e:',ﬂ}'

Substituting these values in (4.4), (4.5) and (4.6) regarding the coefficients U and V as

constant over any one-time step, and denoting values after time-step by y, {" and ¢’ gives

aXe-‘ﬂ?' _W(r)eia()(—&')eiﬁy

W!(z_)efﬁrxelﬂ}" ;s w(r)erareaﬂ}" +U w(r)ei

or X
+V w(r)eiac,\'eiﬁ(l’+§}’) _ w(z_)efcheiﬂY
oY
(1+ A) w(r)emx’erﬂ(lﬂ&) - 2W(T)efoc)(erﬁy +w(z_)ea'ac,k‘efﬁ(1’+a}')
(oY)
i X JIf(Y+6Y) _ i X iy _
+A é‘('l’)e e C(T)e € +G gg(r)emc;\'e:uc?'
51/ r
o YoV =) G -1 1+ A)w(e"‘“‘“’ —2+e"#)
T o X SY (5Y)
LR BB 2D ¥
oY
or, YoV =) G W™ D), g, ) WcosfY -1)
ot X oY (oY)
TR el RO
5}/ r
or,
. U o V 2(1+A)
= =i (=2 (P )+ 1—cos B6Y)}6 +A
y'=[ {ch( e )&,( ) (5),)2( BoY)iorly

or,iy'= Ay + BS +c¢&

201+4) ,
(o1)? (1-cos BY)}or

U Vo
where, 4 =1-{—(1-e™™)+— (™ 1)+

B=A5 e” _1) and C =G, 57¢ .
6Y
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From equation (4.5) we have

é-r(r)e,-oc)(er'ﬁ}’ _éw(r)efuck'e{'ﬂ'}’ +U g(r)efuc_.'(et'ﬂ}’ _g(r)eia\:(.\’—&’()e:ﬁ}’

or oX
+v g(r)e.foc)c'e{ﬁ(}’ﬂ?}’) - g(r)eimj’eiﬁ}” 3
5}, .
A ;(r)efchefﬂ(Yi-éT) - 2§(T)efuc.¥efﬂ]’ 4 g(r)eiu:Xeiﬁ(Y+§Y)
(oY)’

icX Jif(Y+8Y) _ icX ify _
_é' {(r)e e {(r)e e _2A é,(r)e,de,ﬂ

J oY J
on, £1=€ ;€= G LET D, SEM -2+e)
ot X oY (oY)
AyE®-D 24,
j oY J
or,
TSP = 24 . 2A Al e

¢'=[1 {cSX(l e )+5y(e 1)+(5}’)3(1 cos BoY) + ; }5r]g+j5}’(l e W

or, {'=Dy+E{ (4.8)
where, D= éL(l S )
j oYy

L(e*'*f"ﬁ"” -+ 24

5Y (6Y)

and E = 1—{1(1—e—’““")+ (1—cosﬁé’1’)+z‘.§}5r
X J

Again from equation (4.6) we get
§r(r)e:x,¥eiﬁ}" - g(r)eiiXexﬂY e sg(r)eiochfﬂ'Y o | é(r)elx(X—(i’(')eiﬁ}"
ot oX
N f(r)eioch:'ﬂ(}’-I-zﬂ") 2 g(z_)e{'ochl'ﬁ}"
oY
-L g(r)eimxefﬂ(}"+ﬂ") o 2§(T)eiD:XeiﬁY o g(z_)eiu).’eiﬁ{}’-t—ﬁ]")
2 @Yy

+ Hg(r)eiu:)(e!’cc}"

(in the previous equation H is used in place of « , the heat source parameter)

- £_& +U9E(1—€_!mi¥) +V§(e:,35r 1) =L§(e,-ﬁ5y _z_i_e-f;w) S
T o oY Vo7 (oY)

r

e A s RSN s VO T e SRR

2
St & 5Y P (6Y)

or,
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or, £'=[1- {%(1 g Yy %(e"ﬂ‘*” -+ (1-cos B6Y) — H}ot)é

1
P, (67)
or, £'=F¢£ (4.9)

T 2

+E.W(l —cos oY) — H}or

U : vV .
here, F =1—{—(1-e ")+ —("" -1
where {d‘(( e ") &/(e )

Equations (4.7), (4.8) and (4.9) are then expressed in matrix form
y' A B C|y
'|=|D E 0|¢
&' 0 0 F|¢&
That is n' = s
where 7 is the column vector whose elements are y, { and &.
For stability each eigen value 4, A, and A, of the amplification matrix s must not exceed
unity in modulus.
The eigen value equation will be ‘M = s‘ =0
or,(A-F)YA—-A)YA-E)-BD=0
But as J7 is very small and (67)* is too small and is thus negligible. So we can take
A-A)A-EYA-F)=0
SN A=A, A, =Eand 4, =F.
Hence the stability conditions will be

‘A‘S], E‘Sl and [F|Sl forall cand .

It is assumed that U is everywhere non-negative and that V is everywhere non-positive.
That is to be expected, since the heated fluid rises in the positive X direction and fluid is
drawn in from the positive Y direction to take its place.

Let

Hence, A=1-{a(l—e ™) +b(e” —1)+2c(1+ A)(1 —cos B5Y)}
or, A=1-{a+b+2c(1+A)}+ae™ ™ —be™ +2c(1+ A)cos BSY
Let 2¢(1+A) =L then

A=1—(a+b+L)+ae "™ +be” + Lcos f5Y
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The coefficients a, b and c are all real and nonnegative. By representing A on an Argand
diagram, we can demonstrate that the maximum modulus of A occurs when adX = mx
and B6Y = nz , where m and n are integer, and hence occurs when A is real. For 67
sufficiently large the value of }A‘ is greatest when both m and n are odd integers. In
which case

A=1-(atb+L)-a-b-L

or, A=1-2(atb+L)

i.e. A=1-2{a+b+2c(1+A)} (Putting the value of L)

which becomes increasingly more and more negative with the increase in 67 . To satisfy

‘A| <1, the most negative allowable value is 4 =—1. Hence the stability condition is that

2{atb+t2c (1+A)} <2
v, Per
That i 1s o +2(1+ A)( ) <1 (4.10)

Again for the stability condition |E| <1

_1—{—(1 ey Ve _1y 4 22 (1 _cos pory+ 2260
5Y J

(6Y)*
Udrt _igagiv.. VOT . iasy 2467 2A6T
o, E=1- 1— " -+ 1—cos BSY) +
{&X (1-e™%) e (e ) o7 ( s oY) }
4%
For all & and g defining a = Uiy ; sz—r ; c=i2 and d=§-,wehave
X oY (oY) J

=1—{a(l—e™ ™)+ b(e”™ —1)+2Ac(1—cos BSY) + 2Ad}
=1—(a+b+24c+2Ad)+ae ™ —be +2Acos BSY
The coefficients a, b, ¢ and d are all real and non-negative. By representing E on an

Argand diagram, we can demonstrate that the maximum modulus of E occurs when

adX = mnm and BSY = nx, where m and n are integer, and hence occurs when E is real.
For ot sufficiently large the value of ‘E‘ is greatest when both m and n are odd integers.
In whichcase E=1-2(a+b+2Ac+2Ad)—a—-b—-2Ac

or, E=1-2(a+b+2Ac+ Ad)

which becomes increasingly more and more negative with the increase in o7. To satisfy

|E| <1, the most negative allowable value is E = —1. Hence the stability condition is that

2(a+b+2Ac+Ad)<2
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vls
Thatis P02 P 107 87, A% < .11)
oY (Y) J

Likewise, the third condition iF | <1 will require that

vls .
or PPE L 20 oo Ml o (4.12)
X oY  Pr (8Y) 2

In the present problem, with chosen value of Pr, we need only be concerned with satisfying

(4.12) since (4.10) and (4.11) follows automatically. The co-efficient U and |V| , although

treated as constants over any one-step, will vary from one time-step to the next in a manner
which cannot be predicted a priori. That is, the maximum permissible time step consistent with

stability is itself variable, but its value can always be checked, during computation if necessary.

4.5 Skin —friction coefficient
One of the quantities of chief physical interest is the skin friction coefficient. The

equation defining the wall shear stress is
ou
e k)[—} +EN(Y)
),

Hence the skin-friction coefficient is given by

C{ _ 2T2 N 2(,” +2k) [?E) = _2_2-[‘) o Avl(a_u]
T pUG pPU, \ )., U oy =0

= —-2-2—[1 + A]u[@J
e ),

Thus we can say that the skin friction coefficient ¢, is proportional to %[l + A]v[?iJ
0 ¥y

=0
4.6 Results and Discussion

In this thesis, the effect of transient free convection on micropolar fluid with heat
generation and constant heat flux has been investigated using the finite difference method
technique. To study the physical situation of this problem, we have computed the
numerical values of the velocity, temperature and angular momentum within the
boundary layer and also the coefficients proportional to the skin friction coefficient and
Nusselt number is calculated. It is seen that the solution will be affected by the parameters,
namely heat source parameter , micro inertia per unit mass j, dimensionless material

parameter A , the Grashof number Gr, dimensionless material parameter A and the
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Prandtl number Pr. The values 0.2, 0.5, 0.71, 0.73, 1, 2, 5, 7.01 are considered for Pr (0.2,
0.5, 0.71, 0.73 for air and 1, 2, 5, 7.01 for water). The values of other parameters are

however chosen arbitrarily.

Figures (4.1)-(4.3) show the velocity, temperature and angular momentum profiles for
different values of heat source parametera respectively. From figure (4.1) it is observed
that with the increase of « the velocity is increasing rapidly. But the spreading of velocity
squeezes with the increase in & and within a short distance the velocity is becoming zero.
Figure (4.2) is expressing that with the increase in ¢ the temperature is increasing
rapidly. But the spreading of temperature squeezes with the increase of & and within a
short distance the temperature is becoming zero, as in the case of velocity. In Figure (4.3),
with the increase in « , the negative value of angular momentum increases. Also the
magnitude of positive value of the angular momentum increases with the increase of « .
When « is large the negative zone of the angular momlentum is small in comparison to
the small« . For large value of « the angular momentum oscillates more from negative to

positive.

Figures (4.4)-(4.6) are showing the velocity, temperature aild angular momentum profiles
for different values of micro inertia per unit mass, J respectively. In figure (4.4), there is a
very small change of velocity due to increase the value of J. The velocity spreads very
small with the increase of J and within a short distance the velocity is becoming zero. In
figure (4.5), there is again a small increase of temperature with the increase of J. In figure
(4.6), with the increase of J the negative value of angular momentum decreases. Also the
magnitude of positive value of the angular momentum increases with the increases of J.
When J is large the negative zone of the angular momentum is large in comparison to the

small J.

Figures (4.7)-(4.9) are representing respectively the velocity, temperature and angular
momentum profiles for different values of dimensionless material parameter A. In figure
(4.7) here with the increase of A the velocity is decreasing. But the spreading of velocity
is more for higher values of A though the velocity is becoming zero at the same distance
from the plate. In figure (4.8), the temperature increases very slowly with the increase

of A and like velocity becoming zero at the same distance. In Figure (4.9), with the
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increase of A, the negative value of angular momentum increases. Also the magnitude of
positive value of the angular momentum increases with the increase of A. When Ais large
the negative zone of the angular momentum is small in comparison to the smallA. For

large value of A the angular momentum oscillates more from negative to positive.

66
55
595 =02 A=05Gr=1.00, Pr=0.71, J= 1.00
454
467
B35
QO
Q 367
O
> 257
26-
15
E a=0.5,08,1.0
109 —

) S S 7 RS
Distance from the plate

Fig. 4.1: Velocity profiles for different values of heat source parameter, &
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3=102, A=0.5,Gr= 1.00, Pr=0.71, J=1.00.

temperature
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Fig. 4.2: Temperature profiles for different values of heat source parameter, &

Gr=L.00, Pr=0.71, J=1.00,4=0.2, A=0.5

- w=0508 10

Angular momentum

Fig 4.3: Angular Momentum profiles for different values of heat source parameter, o
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Fig 4.4: Velocity profiles for different values of micro inertia per unit mass, J
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Fig. 4.5: Temperature profiles for different values of micro inertia per unit mass, J
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Velocity profiles for different values of dimensionless parameter, A
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Fig. 4.8: Temperature profiles for different values of dimensionless parameter, A
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Fig. 4.9: Angular momentum profiles for different values of dimensionless parameter, A



For different values of Grashof Number Gr, The Profiles for velocily, Temperature and
angular momentum are presented in Fig (4.10)-(4.12). In fig (4.10), we observed that with
the increase in Gr maximum of the velocity increases whereas the spreading of velocity
decreases.

From fig (4.11), it is found that the temperature decreases with the increase in Gr. Also
the temperature is becoming zero far away from the plate for lower values of Gr. The
angular momentum fluctuation from negative to positive increases with the increase in Gr
and for lower values of Gr though the magnitude of angular momentum are less but its
spreading is more.

Fig(4.13)-(4.15) represents the velocity, Temperature and angular momentum profiles
respectively for different values of material parameter X . It is seen from fig (4.13) and
(4.14) that the material parameter A has very little impact on velocity and temperature .
Infact the Curves for different values of A are not clearly distinguishable. But with the
increase in A the magnitude of angular momentum decreases.

The profiles for velocity, temperature and angular momentum for different values of
Prandtl number Pr are shown respectively in fig.(4.16) - (4.18). The velocity is not only
decreasing with the increase in Pr but also it is becoming zero within a short distance
from the wall. The temperature profile squeezes with the increase in Pr but the pick value
of the temperature rises sharply. Incase of angular momentum from fig. (4.18), it is seen
that the negative value of angular momentum near the wall has no appreciable change
with the increase in Pr. But positive values of angular momentum increases with Pr.
Though with the increase in Pr. the effective zone of angular momentum decreases with
the increase in Pr.

Fig.(4.19) — (4.21) representing the velocity, temperature and angular momentum profiles
for different values of time t respectively. From fig.(4.19) and (4.20) it is seen that both
the velocity and temperature are primarily increasing with the increase in time but after
sometime they decreases a little and remain almost same for different times. The angular
momentum has the same time effect as that of temperature and velocity i. e. primary

increase then decrease then remaining close with the increasing time.
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Fig. 4.10: Velocity profiles for different values of the Grashof number, Gr
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Fig. 4.11: Temperature profiles for different values of the Grashof number, Gr
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Fig. 4.12: Angular momentum profiles for different values of the Grashof number, Gr
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Fig. 4.13: Velocity profiles for different values of dimensionless material parameter, A
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Fig. 4.14: Temperature profiles for different values of dimensionless material parameter, A
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Fig. 4.15: Angular momentum profiles for different values of dimensionless material parameter, 4
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Fig. 4.16: Velocity profiles for different values of the Prandtl number, Pr
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Fig. 4.17: Temperature profiles for different values of Prandtl number, Pr
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Fig. 4.18: Angular momentum profiles for different values of Prandtl number, Pr
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Fig. 4.20: Temperature profiles for different values of time, T
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In the following the effect of different parameters on the coefficient of skin friction and
Nusselt number are discussed which are tabulated in table (4.1) — (4.6). The values shown

there are proportional to the coefficient of skin friction and Nusselt number.

In Table (4.1), the values proportional to the coefficient of skin friction and Nusselt
numbers for different values of « is tabulated with fixed values of the other parameters.
From the table it is observed that with the increase in & the value proportional to the skin
friction increases, whereas in the case of Nusselt number the situation is reversed. Also

the rate of decrease in Nusselt number is far more than the rate of increase.

In table (4.2), the same is tabulated as table (4.1), but different values of micro inertia J
with the other parameters are kept fixed. From the table it is observed that the coefficient
proportional to the skin friction increases primarily (from 1 to 4) then decreases. In both
cases the rate of change is very small. Whereas the case of Nusselt number the rate of
decreases is monotonous, although slow. Thus it may be considered that the microinertia

has a very little impact on the coefficient of skin friction and Nusselt numbers.

The effect of dimensionless material parameter, A on the coefficient of skin friction and
Nusselt numbers cab be observed from table (4.3). In the table only the dimensionless
material parameter A has been varying , keeping other parameters as fixed. It is
observed that both the tabulated values are decreasing with the increase in A .and the rate

of decrease has no significant difference.

Table 4.1: Numerical values proportional to skin friction coefficient C', and Nusselt

number Nu for different values ofr , taking Gr =1.00,Pr=10.71,J =1.00,4=0.2,A=0.5
as fixed

a Values proportional to C, | Values proportional to Nu

0.5 9.822492 -4.726112
0.8 18.620130 -14.733240
1.0 25.665870 -25.549920
1.5 46.543100 -69.980420
2.0 71.292650 -143.382300
2.5 99.310490 -250.198700
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Table 4.2: Numerical values proportional to skin friction coefficient C, and Nusselt
number Nu for different values of J, taking Gr =1.00,Pr=0.7La =0.5,1=0.2,A=0.5

as fixed.

J Values proportional to C, Values proportional to Nu

1.00 9.822492 -4.726112
2.00 9.792691 -4.752003
3.00 9.788363 -4.766579
4.00 9.788019 -4.775903
5.00 9.788466 -4.782364
6.00 9.789032 -4.787105

Table 4.3: Numerical values proportional to skin friction coefficient, C, and Nusselt
number Nu for different values of A, taking Gr =1.00,Pr=0.71,J =1.00,a =0.5,4=0.2,
as fixed.

A Values proportional to C, | Values proportional to Nu

0.2 10.540360 -4.584459
0.5 9.822492 -4.726112
1.0 9.070086 -4.933964
1.5 8.594524 -5.130653
2.0 8.256192 -5.323051
2.5 7.996166 -5.513247

In table (4.4) the values proportional to the skin-friction coefficient and the Nusselt
number are tabulated against the Grashhof number Gr. It is seen that both of them
increases with the increase in Gr. For skin friction the rate of increase is almost same , but

in the case of Nusselt number the rate slows down for higher values of Gr.

Table (4.5) shows the values proportional to the skin-friction coefficient and the Nusselt

number against the dimensionless material parameter A . It has the same effect on them

as that of J. Also the rate of change here is similar to that in J.

Finally the effect of Prandtl number, Pr on the coefficient of skin friction and Nusselt
numbers are presented in table (4.6). Here again, as usual, the other parameters are kept
as constant. It is seen that with the increase in Pr the value proportional to skin friction

increases, whereas the Nusselt number decreases.
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Table 4.4: Numerical values proportional to skin friction coefficient C, and Nusselt
number Nu for different values of Gr , taking Pr=0.71,J =1.00,a =0.5,4 =0.2A=0.5

as fixed.

Gr Values proportional to C, Values proportional to Nu

1.00 9.822492 -4.726112
2.00 11.018580 -2.537850
3.00 12.156370 -1.796058
4.00 13.238690 -1.416348
5.00 14.273790 -1.182411
6.00 15.268690 -1.022038

Table 4.5: Numerical values proportional to skin friction coefficient C, and Nusselt
number Nu for different values of A, taking Gr =1.00Pr =0.71,J =1.00,a =0.5,A=0.5

as fixed.

A Values proportional to C, | Values proportional to Nu

0.2 9.822492 -4.726112
0.4 9.748273 -4.742879
0.5 9.735003 -4.748732
0.6 9.727735 -4.753602
0.8 9.722200 -4.761340
1.0 9.722288 -4.767288

Table 4.6: Numerical values proportional to skin friction coefficient C, and Nusselt
number Nu for different values of Pr, taking Gr =1.00,J =1.00,& =0.5,4=0.2A=0.5

as fixed.

Pr Values proportional to C, Values proportional to Nu

0.20 7.927539 -2.109994
0.71 9.822492 -4.726112
0.73 9.869625 -4.819553
1.00 10.446450 -6.076511
5.00 16.005450 -27.739200
7.01 18.124500 -40.557210
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Chapter 5

Analytical solution of the Transient Free Convection in Micropolar
Fluid with Heat Generation and Constant Heat Flux.

5.1 Introduction.
In this chapter the governing equations of the system will be solved analytically. To do

that the non-dimensional forms of the governing equations obtained in the previous
chapter will be considered. The non-dimensional equations are also non linear as their
dimensional counterparts. To solve them they are made linear by dropping the non linear
convective terms. For the solution purpose Laplace transform is to be used to transfer the
partial differential equations to ordinary differential equations, as the time variable or
derivatives with respect to time will not be there. After the introduction of Laplace
transform the equations will contain additional parameter coming from the kernel of the
transform. The ordinary differential equations will be solved including the additional
parameter and then the inverse Laplace transform will be used to get back the solution

that will also include time.

5.2. Manipulation of the governing equations
The non-dimensional equations of the system with the non-linear convective terms (that

are developed in chapter 4) are

2
L L SR RPN & P UPR (5.2.1)
o ox Oy oy oy
2
Y D gy BN By Sy (5.2.2)
ot Ox oy ov-  J oy
2
ﬁﬁ+u%+vggziﬁ+m9 (5.2.3)
o ox oy P oy
The transformed boundary conditions are:
u(x,0,1)=0, N(x,0,0)=0, 6(x,0,1) =1
u(x,0,0)=0, N(x,0,t)=0, 8(x,0,t)=0, (5.2.4)

To solve the above equations analytically the non-linear convective terms will not be
considered and thus the equations will be linearized. Also as the non-dimensional velocity
component u, angular momentum N and temperature @ have no derivative in terms of x,

the vertical distance, so it may be considered that u=u(y,t), N=N(y,t) and 8 = 8(y,1).
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Hence equations (5.2.1)-(5.2.3) can be written as

_6£ N 0%u ON

1+ A)—+A+G.8 5.2.5
o ( )ay2 T (5.2.5)
2
ON _,0 {V—_A__(2N+a_u) (5.2.6)
a Ty i oy
2
90 L BC i (5.2.7)
a P oy

The transferred boundary conditions will be:

u(0,1) =0,N(e t)=E, 6(0,1) =1

u(e0,t) =0, N(o,t)=0, &(0,t) =0, (5.2.8)
where it has been assumed that near the plate the angular momentum is not zero and & is

a very small number.

5.3 Analytical solution.
As mentioned earlier to solve the equations (5.2.5) - (5.2.7) with the boundary conditions

(5.2.8) Laplace transform will be used. Laplace transform will transform the partial
differential equations into ordinary differential equations and they will be solved usually.
In the following subsection the use of Laplace transform and the solution of the ordinary

differential equation will be discussed.

5.3.1 Laplace transform and ordinary differential equation
Taking the Laplace transform on the equations (5.2.5)-(5.2.8) on considering L{u}=V,

L{N}=0, L{0}=y the following relations will be obtained:

dv dp
V- D=>0+A +A—+G 5.3.1
sV —u(y,0) =( )dy2 & R (5.3,1)
dp A dv
sp-N»0) =252 229+ %) (5.3.2)
J dy
sw—0( 0)~-1—d2‘”+a (5.3.3)
= Pr &y’ ¥ o
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with transferred boundary conditions:

PO.80, ple,s) =2, p(0,5) =2,
5 Ay

V(0,5) =0, p(c0,5) = 0, y(c0,5) =0
As initially there was no flow so u(y,0)=0, N(y,0)=0, 6(y,0)=0. As a result (5.3.1), (5.3.2)

and (5.3.3) become

2
g 2V+Ac;_¢;o+er
y

sV =(1+A)

2

L . T PR L
d j dy

2

2

_1dy
Pr dy’
Equation (5.3.6) can be written as
1dy

Pr dy’

sy +ay

—(s-a)y =0

whose solution is

w=Ae” +Be™ , k’=Pr(s-a)

(5.3.4)

(5.3.5)

(5.3.6)

(5:3.7)

The boundary condition requires that A to be zero and B = : :

Thus the solution of (5.3.6) is = le-y Pr(s—)
s

s

(5.3.8)

To obtain the solution of equation (5.3.5) it is assumed that the microinertia per unit mass,

in its non dimensional form, is quite large so that the second term on the right of equation

(5.3.5) can be considered as zero and thus the equation will be of the form

2

d'e
dy’

sp=2

whose solutionis @ =C,e” +C,e™

suggest that C; be zero and C, be E/s.

5

Thus the solution of (5.3.9) is ¢ = £e 7
s

,where r’
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(5.3.9)

= % . The boundary conditions

(5.3.10)



@ =-E, ﬁie_‘gy
dy As

With the solutions already obtained, equation (5.3.4) will become

2 L) .
d I:_( s W= ( A )E ’leﬁ _ Gr le—ym
dy I1+A 1+A As I1+As

whose complementary function be

V=Te"” + He™™ where w* =——
1+ A

Boundary condition requires 7' to be Zero.

¥

LV = He"rﬁ{_‘m

and the particular integral be

(L))
EAA |eV? a Gr [e_yﬁ;:;,']
1+Aa-1)| s {(1+A)Pr-1}s> —Pra(l+A)s

So the general solution is

(L))
. He—l"JT—a(—ﬁ) N EAVA |eV? N Gr [e_y\;m
A+A-)| s {(1+A)Pr—1}s* —=Pra(l+A)s

Applying boundary condition V(0,s)=0 the following will be obtained,

EANZ 1 Gr

0=H+ - -
A+A-2)\[g* {(1+A)Pr}s* =Pra(l+A)s

. EAVZ 1 Gr
ie. H=- + 7

(1+A-2)[g* {(1+A)Pr}s’ —Pra(l+A)s .
Hence

-y Gr ___EAMA | ame®
{1+A)Pr-1s> —Pra(l+A)s  (1+A—-A)s®
(V)

5 EAVA |e'? _ Gr %—-y P -m}
1+A-A| JJs* {(1+A)Pr—1}s> —Pra(l1+A)s
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2 _(-5)

em ; o~V VPi(s-a)
= Gr =
{1+ A)Pr—1}s” =Pra(1+A)s {(1+A)Pr—1}s*> —Pra(l+A)s
or, - ; (5.3.11)
EA\/E eﬁ(—m em(—ﬁ)

(T 0 T R )

The solutions so far obtained have no terms containing t. To get the solutions including
the time t can be obtained by taking the inverse Laplace transform to the equations (5.3.8),
(5.3.10) and (5.3.11). In the following subsection how the inverse Laplace transform can

be obtained will be discussed.

5.3.2 Inverse Laplace transform
The non dimensional temperature can be obtained by taking inverse Laplace transform on

y in equation (5.3.8), i.e.
0=L"fy} =L'{ < )
§

Now,
=
i {1}= Land L j=—1_e®
Ay —
2m 12

So using change of scale property and 1st shifting property it can be written as

-yy/Pr(s-a) a)}_ y\/_
2J_12

Hence by convolution theorem

Pr(s-a)s w @’Pr
o NPT (s-a) L y [Pr ) L L

L'{e

L' “a du =— Ie i

y 2\/_112 J;y“

21«

The result of last integral can be obtained from Mathematica® and is

\/_(y Pr—2ty/- y’aPr) f(y Pr—2t+/— y*a Pr)
+e™ y“p'Erfc

2yPr 2yPr

6 éll. —\ll—y aPrir Ef

(5.3.12)
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The non dimensional angular momentum, N can be obtained by taking inverse Laplace

transform on the equation (5.3.10). Thus
.T)
N=LYp}=L" { ‘E

t 1 o

)
As has been done earlier L { \F g } =

ﬁl
ﬁT_*

0

NP Erf{

M‘/_‘F} (5.3.13)

SN=E*1-

Again the result of the integration is obtained through Mathematica®.

To obtain the non dimensional velocity u the inverse Laplace transform of (5.3.11) is to

be taken. Thus

Y e
e(ﬂmX ¥ P Pr(s—a)

i {(1+A)Pr—1}s> —Pra(1+A)s A {(1+A)Pr—1}s> —Pra(1+A)s

u=L"{yy=L"4 ,
EX-V5) (=X
L EAA e et
FYSY) NN
Gr 1 A e(ﬁx_ﬁ)re-yﬁis -a)
Pra(l+A)| | _ Pra(l+A) ¢
il Pr(1+A)—-1 {
(X9 (=X
M EAVA |e* _e‘er
1+A-A| J§* Js®

S

To calculate the above one will require the following results:

Ly 2 [ fe Dy y~/_
‘/7 Jr 2rt’ t2

g, TP . y 1w /e N ;ix
L {e e ; L {e = —e
2J7(1+1) P
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Pra(l+A)
and 5 1 = 3 ep'“*m_lf =8
{1+ A)Pr-1}s* =Pra(l1+A)s| Pra(l+A)

If one consider

RO=L"{f(s)=L" {e‘“’f"‘_@} and

-1 A1 — 71 1
G(=L"{g}=L {{(I+A)PI‘—1}32 —Pro:(l-i—A)S}

then by convolution theorem one will obtain

L'{£,()* 8,(9)} = [F )G, (u—r)du

Pra(l+a), ¢ 1 Pra(l+A)  y* ‘1 y:
. y Pr(1+A)-1 TPr(1+A)-1 4u(1+4) T au(1+4)
= e J‘—Se du— |—e du
2m(1+A) Pra(l+A) 0,2 0,2
Pra(l+d) o Pr oy’ 2 =
441+ A = TiP1+A)-TjazE —2?
N y o PAI+A)-] J‘e (Pr(1+a)-pdz" g Ie = dz
2Jx(1+A)Pra(l+4) Yy y y
2.f(1+A) 2,[(1+A)

Pra(l+A)
=_2— ePr{lﬂi]—lII -7
Jr Pra(l+A) e

Pray’ 2

e R Rl A TV, @
1 5 e
where, 1, = _[e (A4 pand I, = _[e Y dz
i 5

2J(i+a): 2.J(1+A)

Similarly on considering

L)y = B0 =L} and

-1 _ — -1 1
L= G @=L {{(l+.&)Pr—I}32—Pra(l+A)s}

by convolution theorem
L{f,()* 82()} = [F, )G, (¢ ~u)du
0

ypr

Pru[lhi)f 1 l ST 1 ¥ Pr
_ y ¢ PI+A)-1 J‘ Pl+d)-l 4w g, I 1 W_P:‘"—du
247 Pra(l + A) . u; 2 ug
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Pra(i+d) Pray’ 3 w aPry’

Y 4 Prl+A)1 TPrA) Azt PR
- e e dz— \|e ¥ dz
2Vm Pra(l+A) y\/ﬁ . '[r » ‘[,r
0o e
Pra(l+A)
= 2 eP‘r{]ﬁ-ﬁ]-IJI - I
Jz Pra(l+A) R
& - PrﬂJr'2 s 0 aPry2 53
where, I, = je B B and I, = le ¥ dz
y |Pr ¥y [Pr
2V 2Vt

Again considering

LA} = A0 =L =} and

Vs*

Lie,@=GO=L'E

by convolution theorem

}

! { ¥
L' fy()* gy ()} = [Fy (t-w)Gywdu =—2—| | Ly | =2
0 AR 42 TNA
1 1 _._J."_z_
where I = j t—u—e ‘*du
0 W
Lastly considering

Y -5
LU =FO=L=ad I'{g, (0} =G,0=Le )

7

by convolution theorem
_}'3

Tau(l+A - J
° )du o 1(,

A1+ A

Lﬂl{f_‘(s)*g-t(‘g)}:_[F“(I_H)Gq(t)du: X I t—u
. TNl+A |

= l_‘
b3 | L

2
! Y
1 o ——
where I, = J. t—u—e """y

0 ug

The results of the integrals I, to I is obtained from Mathematica® and are as follows:
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S y? —21(1+ A) ¥ ok
—I+a(|+ﬁ-ﬁ‘? -1 +a’(1 “}‘A) Pr
. - 2y Jt(1+A)
¥y +
a Pr
i = '\/;e"\'-nimam
= —
4 i P
2 yarr
[ apr yo+2¢(1 + A)J
_ez Tlea(l+A)Pr Erf - (—1-1-1‘:)}‘(1+A)Pr
th‘ +

\

V= y
L= 83 11+ A)

y?a Pr

\/7(}# Pr— Zt\/_

l+a(l+A)Pr

2yPr

2o Pr
NP BT

I, =
4
2 )’aPr 1! (y Pr+2r\/

i —I+cr(l+a)Pr Erfe

y*a Pr

l+a(l+A)Pr

\/f(y Pr—2t\/— y*a Pr)

2yPr

\

\/-(y Pr+2t,— y’a Pr)

="z | Er +e Erfc
y 4 4 ¢ fe 2yPr ~ 2yPr
yZ
T 1
I, =-m+2e “*x i‘;—+7rEar"f
0 ? 123
yZ
and
el
I, =-m+2e "8 [x A L
b 4 t(1+A)
B e’
Y

Thus the value of u is
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Praf_(1+ﬁ):

2GreP+o-! 2Gr
— I —_[ I-d _12
. JEPra(HA)[ : 31+J§Pra(l+A)[ | (5.3.14)
EAy EAyA
_ i
+Jr(1+A—Z,)( ) x(1+a—,1)41+A( )

5.4. Result and discussion

The obtained velocity, temperature and angular momentum profiles are shown
graphically in fig.(5.1)-(5.13), for different values of heat source parameter « ,
dimensionless material parameter A, the Grashof number Gr, dimensionless material
parameter A, the Prandtl number Pr, time t and constant iE The values 0.71, 0.73, 1.00

are considered for Pr, the values of other parameters are however chosen arbitrarily.

In Fig.(5.1)-(5.3) the velocity profiles for different values for & ,A and t are shown
respectively. In these figures it is common that with the increase in the parameters the
velocity also increases. The rates of increases in different parameters are different. For
fixed t, with the increases in « or A though the velocity is increasing but where it is
again becoming zero is not changing that much. But with the change in t, velocity is not
only increasing but also it is spreading i.e. it is becoming zero again far away from the

plate.

The velocity profiles for different values of E, Aand Gr are shown in figures (5.4)-(5.6)
respectively. These figures show that the velocity has no appreciably change due to the
change in the value of E, A and Gr.

In fig.(5.7), the velocity profiles for different values of Pr are shown. It is seen that the

velocity increases with the increase in Pr. The velocity is again not spreading with the

increase in Pr.
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Fig.5.1 Velocity profiles for different values of « (0.1, 0.2, 0.3) with
Gr=2.00,Pr=100,E=01¢=2,A=04,A=05 .
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Fig.5.2 Velocity profiles for different values of A (0.5, 0.6, 0.8) with
Gr=2.00,Pr=1.00,E=0.1¢=2,A=04,a=0.1.
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Fig.5.3 Velocity profiles for different values of t (2, 4, 7) with
Gr=200,Pr=1.00,E=01,4=04,A=05,a0=0.1.
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Fig.5.4 Velocity profiles for different values of E (.1, .2, .4) with
Gr=2.00,Pr=1.00,=2,A=04,A=05,a=0.1.

62



Fig.5.5 Velocity profiles for different values of 4 (0.4, .6, .9), with
Gr=200,Pr=1.00,E=01,r=2,0=0.,A=05 .
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Fig.5.6 Velocity profiles for different values of Gr (2, 3, 5) with
Pr=100,E=0.1,:=2,A=04,A=05,0=0.1.
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Fig.5.7 Velocity profiles for different values of Pr (0.71, 0.73, 1.00) with
Gr=200,E=0.1t=2,A=04,A=05,a=0.1
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Fig.5.8 Temperature profiles for different values of « (0.3, 0.5, 0.8) with Pr=0.71, t =3.
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Fig.5.9 Temperature profiles for different values of t (4, 6, 8), taking & =0.5,Pr =0.71 .
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Fig.5.10 Temperature profiles for different values of Pr (0.71, 1.00, 7.01), taking
a=02r=4 as fixed.
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In figures(5.8)-(5.10) the temperature profiles for different values of the heat source
parameter ¢ , time t and Prandtl number Pr are shown respectively. From Fig(5.8) it is
seen that the temperature is increasing with the increase in o and it is becoming zero
near the same place away from the wall. Fig(5.9) shows that the temperature also
increases with the increase in t, but the temperature is becoming zero at far away for
higher values of t. From Fig(5.10) it is seen that the temperature is decreasing with the
increase in Pr and it is not becoming zero at the same place away from the wall. The

temperature is becoming zero at close to the wall for higher values of Pr.

Figures (5.11)-(5.13) represents the angular momentum profiles for different values of
constant E, time t and material parameter A respectively. Figure (5.11) shows that E has
no impact on angular momentum, it is just indicating the starting value near the wall, as a
result all the curves are finishing at the same distance from the plate. Figure (5.12) shows
that the angular momentum increases and spreads more with the increase in time t. The
same is observed from Fig. (5.13) for different values of A. But the rate of increase or

spreading are different for change in different parameters.

SO : == :"."_-:__“"--..

40

T

30+

10 l2y

Fig.5.11 Angular momentum profiles for different values of E (20, 25, 40), with A =3, =2.
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Fig.5.12 Angular momentum profiles for different values of t (1, 2, 3) with A =3,E =20 .
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Fig.5.13 Angular momentum profiles for different values of 4( 2, 3, 5), with E=20, t=2 .
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