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Abstract 

Temperature induced anomalous exciton localization in InGaN/GaN and GaN/AlInN 

multiple quantum wells 

By Md. Soyaeb Hasan 

 

InGaN and AlInN alloys including their relevant Quantum Well (QW) structures have 

attracted intensive research interest due to their potential applications in numerous 

optoelectronic devices. However, the emission mechanism in such QWs is still unveiled 

incompletely. The physical origin of spontaneous emission in InGaN/GaN or GaN/AlInN 

QWs is attributed to the recombination of localized excitons. The localization of exciton 

occurs due to the formation of Indium-rich clustering and abrupt interfaces between well and 

barrier layers. Conversely, the InGaN/GaN QWs can be grown without Indium-rich 

clustering and abrupt interfaces. Thus a detail understanding is essential to link the intricate 

structure of InGaN/GaN and GaN/AlInN QWs with their secretive optical behaviors.  

In this dissertation, the details of exciton localization dynamics in InGaN/GaN and 

GaN/AlInN multiple quantum wells (MQWs) have been reported using Monte Carlo 

simulation of exciton hopping for a wide range of temperature of 10K to 300K. The 

calculated photoluminescence (PL) peak energy position of both of MQWs shows unusual 

behavior (redshift-blueshift-redshift) with the increase in temperature. The PL line width also 

exhibits W-shaped temperature dependent inhomogeneity.  It is found that the phonon-

induced lifetime variation of excitons have the remarkable effects on the PL peak position 

and line-widths in both of MQWs. The blue-shift of PL peak position is observed at high 

temperature in the MQWs with well and barrier thicknesses near the critical values, 

indicating the dominancy of two dimensional excitonic kinetics for the entire range of 

temperature.  
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Significantly, different temperature dependences for PL line-widths were perceived 

for the GaN/AlInN MQWs with different barrier heights. The MQWs having barrier height 

near to the lattice matched QW structure of GaN/AlInN showed the smaller band potential 

profile fluctuation. These results could be important to understand the emission properties of 

InGaN and AlInN MQWs optoelectronic devices.         
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1.1 Introduction  

Since a few years, III-nitride semiconductors and their alloys are of increasing scientific 

interest in the field of electronic and optoelectronic applications due to their wide direct band-

gap tunability (Fig. 1.1) from Infrared (IR) to Ultraviolet (UV) region. Their direct energy 

band-gaps can produce light at high intensity which allow the fabrication of luminescence 

devices such as light emitting diodes [1] (LED) including visible and UV light (UV-LEDs), 

blue-UV lasers [2] with high external quantum efficiency. In modern era, numerous quantum 

structures of III-nitride semiconductors and their relevant alloys are intensively being studied 

because of their unique optical properties such as size-controlled tunable emission 

wavelength (known as the „quantum confinement effect‟) and comparatively narrow emission 

spectra. All these attractive features have turned the III-nitride semiconductors as the 

excellent candidates for the development of next-generation display technologies. Moreover, 

due to the high absorption coefficient of III-nitride materials, they are widely used in solar to 

blind UV detectors [3]. Furthermore, they have attracted intensive research interest as the 

potentially valuable candidates in high-power electronics [4] due to their stabilities to high 

temperatures and good thermal conductivities.   

To date, most of the III-nitride optoelectronic devices as shown in Fig. 1.2 are designed using 

InGaN/GaN or GaN/AlInN quantum well (QW) structures [5-8]. The QWs of these 

promising alloys facilitate us to fabricate the devices with optimized optical properties using 

band-structure engineering. However, the emission mechanism in such QWs is not still 

understood completely. The physical origin of spontaneous emission in InGaN/GaN or  

 

GaN [9], AlN [10], InN [11] 

              InGaN [12] 

              AlGaN [13] 

              AlInN [14] 

 

 

Figure 1.1: Band-gap energy of III-nitride semiconductor [15]. 
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Figure 1.2: A few important applications of III-nitride QW-based devices in current and 

future optical system 

GaN/AlInN QWs is attributed to the recombination of localized excitons [5, 6]. The 

localization of exciton occurs due to the formation of Indium-rich clustering and abrupt 

interfaces between well and barrier layers. Nonetheless, recent experiments [16] show that 

InGaN/GaN QWs can be grown without Indium-rich clustering and abrupt interfaces. 

Moreover, the nature of carrier and exciton motion and their distribution over the localized 

states with temperature remain a matter of dispute. A detail understanding is thus essential to 

link the intricate structure of InGaN/GaN and GaN/AlInN QWs with their secretive optical 

behaviors.  

1.2 Motivation  

Photoluminescence (PL) studies [5, 17-19] have widely been used to investigate the 

temperature behavior of emission characteristics in III-nitride QWs. An S-shaped (redshift-

blueshift-redshift) temperature dependence [5] has been observed for the peak energy 

positions of PL spectra in InGaN/GaN multiple QWs (MQWs). Additionally, the W-shaped 

behavior of the PL line-widths is apparent with temperature [5]. These inhomogeneities in 

InGaN/GaN MQWs have been attributed to the exciton localization mechanisms. In contrast, 

the disappearance of the S- and W-shaped temperature behaviors has been reported in 

InGaN/GaN MQWs with increasing excitation power [17]. The reduced inhomogeneity 

LASER 

High Power Electronics 

Green LED White LED 

Red LED 

Blue LED 

UV Detector 

 

III-Nitride 

MQWs 
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indicates the decreasing localization effect. More recent works [18, 19] have shown that 

semi-polar growth of InGaN/GaN MQWs reduces the Stoke‟s shift due to the significant 

reduction of piezoelectric filed. However, the semi-polar growth of InGaN/GaN MQWs 

exhibits the stronger localization of exciton. Hence, the most experimental studies reveal the 

signature of exciton localization in InGaN/GaN MQWs either it is polar or semi-polar 

structure. Therefore, the knowledge of carrier localization dynamics with temperature is the 

key to investigate the anomalous behavior of emission characteristics in InGaN/GaN MQWs. 

Still now it is a great challenge to draw a universal conclusion about the temperature-induced 

carrier localization dynamics in InGaN/GaN MQWs.  

For the qualitative explanation of the exciton localization mechanism i.e. the anomalous 

temperature behavior of the emission bands in InGaN/GaN MQWs, several studies [10, 13-

15] have been performed including various types of models. The band-tail-filling model [17, 

20] has been adopted to describe the recombination of localized exciton in InGaN/GaN 

MQWs. However, this model fails to explain the low temperature dynamics of exciton. Low 

temperature exciton localization mechanisms in InGaN/GaN QWs have been interpreted by 

numerical solutions of the effective mass Schrödinger equation [21]. This numerical approach 

has not successfully been applied for high temperatures exciton dynamics. Recent work [22] 

by Badcock et al. also reported the low temperature (10-100K) carrier redistribution 

dynamics in epitaxially grown InGaN/GaN QWs using the Monte Carlo simulation of phonon 

assisted exciton hopping. Meanwhile, the Monte Carlo simulation technique [5] has also been 

used to describe the inhomogeneous PL peak position and line-widths in InGaN/GaN MQWs 

for a wide range of temperatures. Although, the S-shaped behavior is visible from the 

experiment for the PL peak position, redshift is not found at high temperature from this 

simulation. Additionally, the simulated PL line-widths get saturated at high temperature, 

whereas the experiment shows that the line width increases ever more. Essentially, there is no 

quantitative description of the nature of exciton motion and their distribution over the 

localized states for a wider range of temperature in InGaN/GaN MQWs. 

In addition, the research effort focusing the optical properties [7, 8] of GaN/AlInN QWs is 

still comparatively scarce than InGaN/GaN QWs. This is primarily due to difficulties with 

obtaining high-quality layers. Besides the wide band-gap tenability of AlInN alloy from IR to 

UV region, another important feature is the possibility to grow epitaxial layers which are 

lattice-matched to GaN at an indium content x of about 0.17 [23, 24]. It is worthwhile to point 

out that even in ideally lattice-matched GaN/AlInN QWs, in which piezoelectric polarization 



5 | P a g e  
 

is absent, large built-in electric field, can still be expected due to the spontaneous polarization 

properties of wurtzite crystals from the nitride family [25]. Furthermore, because of their 

higher structural quality, lattice-matched GaN/AlInN quantum wells (QWs) form an 

attractive alternative for the GaN/AlGaN system. Recent experiments [7] have revealed that 

GaN/AlInN QW heterostructure possess a considerable potential profile fluctuation and 

carrier localization. In contrast with InGaN/GaN QWs, band potential profile fluctuation 

exists in the barrier layers in the case of GaN/AlInN QWs which may influence the energy 

transition process. Thus it is urgently needed a phenomenological model describing 

quantitatively the exciton motion and their thermal distribution to explain the inhomogeneous 

PL peak energy and line width in InGaN/GaN and GaN/AlInN MQWs over a wide range of 

temperatures.  

1.3 Objectives 

The purpose of this dissertation is to go through systematically the details of thetemperature- 

dependent localization dynamics of exciton i.e. the anomalous optical behaviors of PL peak 

energy and line-width in InGaN/GaN and GaN/AlInN MQWs. In order to calculate the PL 

spectra in both MQWs, the Monte Carlo Simulation of phonon-assisted exciton hopping and 

relaxation has to be performed considering additional inhomogeneous broadening with band 

potential fluctuation. The life time of exciton is affected by the phonon particle. The effect of 

temperature on the lifetime broadening of exciton has to be considered to simulate the 

hopping of exciton. This study also considers the thermal activation of exciton from localized 

states to delocalized states. The PL peak energies and the line widths have been calculated for 

the InGaN/GaN and GaN/AlInN MQWs with various Indium compositions over a wide range 

of temperature. In the course of this dissertation, the following objectives were achieved: 

(i) A quantitative model (using Monte Carlo simulation of phonon-assisted exciton 

hopping) is developed to explain the anomalous temperature behavior of emission 

spectra from InGaN/GaN and GaN/AlInN MQWs for a wide range of 

temperature. 

(ii) The PL peak energy position and the line-widths are calculated for InGaN/GaN and 

GaN/AlInN MQWs for the temperature range of 3K to 300K considering phonon-

induced variation of exciton lifetime.  

(iii) The effect of barrier height on the temperature-induced inhomogeneous PL peak 

energy positions and line-widths has been investigated for GaN/AlInN MQWs. 
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1.4 Synopsis of Dissertation 

This dissertation consists of five chapters mainly focusing on the inhomogeneous peak 

energy and line-widthsof PL spectra in InGaN/GaN and GaN/AlInN MQWs for the 

temperature range of 3K to 300K. The brief summary for each chapter of this desertion is as 

given below: 

Chapter 1 provides the introduction of the study including potentialityof III-nitrideMQWs in 

optoelectronic systems.The challenges in III-nitride MQWs towards the implementation of 

optoelectronic devices have been discussed. Thesis motivation and objectives of this thesis 

are also highlighted. 

Chapter 2 focuses on the fundamentals of III-nitride MQWs as a potential candidate for 

current and future optoelectronic devices. Properties of InGaN/GaN and GaN/AlInN MQWs 

are analyzed to conduct the study. 

Chapter 3 presents the Monte Carlo simulation technique to calculate the temperature-

induced PL spectra from InGaN/GaN and GaN/AlInN MQWs. The incorporation of 

temperature-induced variation of exciton lifetime to conventional Monte Carlo simulation has 

been analyzed to calculate the peak energy position and line-width of the PL spectra. 

Chapter 4 reveals the results of the study including the temperature-induced variation of PL 

peak energy position and line-width for InGaN/GaN and GaN/AlInN MQWs with various 

Indium compassions in the ternary alloys. Finally, for the precision of this model, the 

simulated results for PL peak energy position and line-width of both MQWs have been 

quantitatively fitted with experimental values for a wide range of temperature. 

Chapter 5 concludes  the  outcomes of this thesis  work  and offers  some  suggestions  

which  can  serve  as  future problem areas for advance research in the field of InGaN/GaN 

and GaN/AlInN MQW-based optoelectronics. 
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2.1 Introduction  

This chapter is intended to provide an introduction and overview of some important physical 

properties of III-nitride and their alloys. The basic physical properties such as the crystal 

structure and related defects, band structure, optical properties, carrier localization and 

hopping in disorder induced band structure of III-nitride based binary and ternary alloys have 

been derived that will be useful to understand the results in the later chapters. 

2.2 Crystal Structure of III-Nitride  

Binary group III-nitrides such as AlN, GaN, InN, TlN and their ternary and quaternary alloys 

possess a number of attractive physical, electrical and optical properties that allow the 

fabrication of novel materials and optoelectronic device structures [26]. The III-nitrides can 

crystallize in a hexagonal wurtzite as shown in Fig. 2.1 or in a cubic zinc blende crystal 

structure and cover a wide range of band-gap energies, depending on composition. The most 

stable crystalline structure of the III-nitrides is the hexagonal wurtzite crystal structure which 

is partially ionic due to large differences in the electronegativity of the group-III metal 

cations and nitrogen anions [27]. Due to the strong ionic III-nitride bonds, the unit cell is 

distorted from the ideal wurtzite structure, resulting in a large spontaneous polarization along 

the c-axis. The large differences in the ionic radii and bonding energies of the group-III metal 

cations give rise to different lattice constants, band-gap energies, electron affinities, which 

challenges the epitaxial deposition of the III-nitrides and its alloys. The lattice mismatch 

between the different III-nitride materials and commonly used substrates result in high 

dislocation densities, which impacts the mechanical and optoelectronic properties in the  

 

 Fig. 2.1: Wurtzite crystal structure of III-nitride semiconductor (AlN and GaN) [28] 
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epitaxial layers [29]. Such imperfections also critically influence the surface morphology of 

heteroepitaxially grown III-nitride epilayers i.e. quantum well (QW) structures. Recently, due 

to advances in III-nitride native substrates, homoepitaxial and pseudo-morphic 

heteroepitaxial films with lower dislocation densities have been achieved that enhances the 

single and multiple QW based high efficient optoelectronic devices.   

2.3 Band structure of III-Nitride 

When an electron relaxes from the conduction band (CB) to valance band (VB) in a 

semiconductor, the band edge recombination can be direct or indirect. In a typical band 

structure an exited electron and hole will relax to the band edges to the minima in the CB and 

the maxima in the VB. If these points are vertically aligned in k-space, meaning they have the 

same momentum, recombination occurs in a direct mode and a photon can be emitted. If the 

minima in CB and maxima in VB do not align in k-space, a change in momentum is required 

before an electron and hole can recombine. This recombination is often assisted by a phonon, 

and the semiconductor is described as being indirect [30]. 

The III-nitride semiconductors are with direct band-gap Wurtzite band structure which is 

more complex, as can be seen in Figure 2.2 [31]. The allowed energy levels of electrons and 

holes form various maxima and minima, and crucially for GaN and related III-nitride alloys, 

the highest maximum and lowest minimum points are aligned, forming a direct band gap. 

Due to the direct band-gap of III-nitride semiconductor this material are of considerable 

interest now. 

 

 

 

Figure 2.2: Wurtzite GaN band structure calculated by empirical pseudo potential 

calculations [31] 
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2.4 Ternary alloys of III-Nitride  

The III-nitride semiconductors have been recognized as promising materials for 

optoelectronic device application in the blue/green and ultraviolet wavelengths range due to 

their wide band gaps, ranging from 0.64 eV (InN) to 3.42 eV (GaN) and to 6.2 eV (AlN) [9-

11]. The band-gap energy of III-nitride based ternary and quaternary alloy semiconductor can 

be engineered in theory to any value in this range, by incorporating different quantities of 

each constituent material [33]. With changing the composition of constituent element in the 

ternary/quaternary alloys, the band structure become more complicated due to the limited 

solubility to each other and some inheriting properties of III-nitride. The complicated band 

structures of InGaN and AlGaN ternary alloys have been shown in Fig. 2.3 as a function of 

Indium and Aluminium composition. Quaternary alloys can also be formed. However for the 

basis of this thesis ternary alloys are of considerable interest. The InGaN and AlInN alloys 

are widely being used in the production of optical emitters, where AlInN produces UV 

emitters with shorter wavelength than InGaN due to its higher band-gap, and InGaN produces 

emitters in the visible region with longer wavelength than the GaN band-gap. The band-gap 

energy of InGaN or AlInN can be calculated using Vagard‟s law [32].   

Figure 2.3: The band structure of InGaN and AlGaN ternary alloys estimated by ab intio 

calculation method [32] 

In0.1Ga0.9N In0.2Ga0.8N In0.3Ga0.7N 

Al0.7Ga0.3N Al0.8Ga0.2N Al0.9Ga0.1N 
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2.5 Exciton in III-nitride 

An exciton is a bound state of an electron and a hole which are attracted to each other by the 

electrostatic Coulomb force [34]. An exciton can form when a photon is absorbed by a 

semiconductor. The photon excites an electron from the valence band to the conduction band. 

In turn, this leaves behind a positively charged electron hole. The electron in the conduction 

band is then effectively attracted to this localized hole by the repulsive Coulomb forces from 

large numbers of electrons surrounding the hole and excited electron. This attraction provides 

a stabilizing energy balance. Consequently, the exciton has slightly less energy than the 

unbound electron and hole.  

Excitons luminescence in semiconductor generally exhibits a narrow spectral line. The 

presence of free excitons usually indicates high crystalline of materials [35, 36]. In a direct 

band-gap semiconductor like III-nitride semiconductors, where the maximum of the VB and 

the minimum of the CB (as shown in Fig. 2.4) occur at the same value of the wave-vector, the 

energy of the emitted photon by free exciton recombination is [34] 

 

xg EEh                                       (2.1) 

where Eg is the band-gap energy abd xE  is the binding energy of the exciton.  

The wave-function of the exciton is said to be hydro-genic [37]. However, the binding energy 

is much smaller and the particle's size is much larger than a hydrogen atom. This is because 

of both the screening of the Coulomb force by other electrons in the semiconductor (i.e., its 

dielectric constant), and the small effective masses of the excited electron and hole. The re- 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 2.4: Schematic representation of exciton energy levels and an exciton in a 

semiconductor 
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combination of the electron and hole, i.e. the decay of the exciton, is limited by resonance 

stabilization due to the overlap of the electron and hole wave functions, resulting in an 

extended lifetime for the exciton. Depending on the properties of the material, excitons are 

classified in two types. 

 

2.5.1 Frenkel excitons 

The Frenkel exciton, named after Yakov Frenkel, has a typical binding energy on the order of 

0.1 to 1eV. These excitons are typically found in alkali halide crystals and in organic 

molecular crystals composed of aromatic molecules, such as anthracene and tetracene. In this 

type of materials, there is a small dielectric constant, hence the Coulomb interaction between 

an electron and a hole may be strong and the excitons thus tend to be small. Typically the size 

of exciton is as same the size of the unit cell as shown in Fig. 2.5. Molecular excitons may 

even be entirely located on the same molecule, as in fullerenes.   

 

2.5.2 Wannier-Mott excitons 

This type of exciton was named after Gregory Wannier and Nevill Francis Mott. Wannier-

Mott excitons are typically found in semiconductor crystals with small energy gaps and high 

dielectric constants. In semiconductors, the dielectric constant is generally large. 

Consequently, electric field screening tends to reduce the Coulomb interaction between 

electrons and holes which results in a radius larger than the lattice spacing as shown in  

 

 

 

 

Electron 

Figure 2.5 Wannier-Mott exciton, bound electron-hole pair that is not localized at a crystal 

position. Frenkel exciton, bound electron-hole pair where the hole is localized at a position 

in the crystal represented by black dots.  

 

Mott Exciton Frenkel Exciton 
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Fig.2.5. Small effective mass of electrons, typical of semiconductors, is also responsible for 

large exciton radii. As a result, the effect of the lattice potential can be incorporated into the 

effective masses of the electron and hole. Furthermore, due to the lower masses and the 

screened Coulomb interaction, the binding energy is usually much less than that of a 

hydrogen atom, typically on the order of 0.01eV. 

 

2.6 Quantum Well (QW) structure of III-Nitride 

With the development of semiconductor device technology, the improvement of LEDs and 

laser diodes has shown that heterojunctions and QWs are essential to achieve high external 

quantum efficiency. In these structures, the holes and electrons are injected in a small volume 

(QW) where recombination occurs more efficiently and with minimal losses. Figure 2.6 

shows the InGaN/GaN QW structure where InGaN represents the well layer whereas the GaN 

as barrier layer. Akasaki and co-workers developed structures based on AlGaN/GaN [38, 39] 

while Nakamura with great success exploited the combinations InGaN/GaN and 

InGaN/AlGaN for producing heterojunctions, QWs and MQWs [40, 41]. In 1994, Nakamura 

and co-workers achieved a quantum efficiency of 2.7% using a double heterojunction 

InGaN/AlGaN [42]. With these important first steps, the path was cleared towards the 

development of efficient LEDs and laser diodes based on heterostructure QWs. 

 

 

 

 

 

 

 

Figure 2.6: Schematic view (a) and typical band diagram (b) of InGaN/GaN single Quantum 

Well (QW) structure  
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2.6.1 Multiple QW (MQW)  

Multiple Quantum Wells (MQWs) are formed by repeating the same QW structure or by 

stacking the number of different QWs on the basis of application of this structure. The Fig. 

2.7 shows the sciatic diagram of a MQWs structure containing two repetitions of InGaN/GaN 

QW. MQWs are formed to improve the efficiency of optical device such as LED, LASER 

and light detecting devices etc. While increasing the Indium composition in InGaN layer for 

InGaN/GaN, the band-gap energy decrease. The band-gap energy of well layer is smaller 

than the barrier layer so that the carrier (exciton) can recombine (for light emitting device) or 

get absorbed (for solar cells) in the active layer.  

However, in the Indium containing ternary alloy based MQW structure, with increase in 

Indium composition, the potential profile fluctuation increases indicating the inhomogeneous 

distribution of Indium [43]. But it has been reported the high external quantum efficiency of 

such QW based optoelectronic devices attributing the recombination of localized exciton [5, 

6]. It is well known that the localized states formed by composition fluctuation acts as a 

Quantum Dots (QDs) which act as the rediative recombination center by retarding the carrier 

to go to the nonradiative centers such as dislocation and other defects. In this thesis, MQW 

structures of InGaN/GaN and GaN/AlInN have been considered to analyze the PL peak 

 

 

 

 

 

 

 

Figure 2.7: Schematic view (a) and typical band diagram (b) of InGaN/GaN Multiple 

Quantum Wells (MQWs) structure  
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energy position and line-width for wide range of temperatures. To analyze the effect of 

barrier height on the optical properties of MQW based light emitting device, two MQWs of 

GaN/AlInN with different barrier height have analyzed. PL study has been performed to 

observe the optical behavior in two different GaN/AlInN MQWs.                            

2.7 Photoluminescence (PL) studies 

Photoluminescence (PL) is an efficient, sensitive and nondestructive tool to study the excited 

electronic states in semiconductors. It is an emission of radiation induced by the optical 

excitation of a sample under an external source of light. Laser light is the most widely used 

external excitation source for PL spectroscopy [44]. PL is an important technique to 

characterize specific information about semiconductors, particularly on structural 

imperfection and impurities [45]. Meanwhile, PL has been widely used in characterization of 

compound semiconductors.  

PL spectroscopy is used for wide-ranging evaluations, including compositional analysis of 

the epitaxial layer of compound semiconductors, defect evaluation of light-emitting materials, 

evaluation of surfaces, non-destructive evaluation of integrated optical circuits, quantitative 

analysis of impurities, and evaluation of various LDs and LEDs. 

2.7.1 PL properties of direct-gap semiconductors 

In a typical PL experiment, a semiconductor is excited with a light-source that provides 

photons with energy larger than the band-gap energy. The incoming light excites a 

polarization that can be described with the semiconductor Bloch equations [46, 47]. Once the 

photons are absorbed, electrons and holes are formed with finite momenta k in 

the conduction and valence bands, respectively. The excitations then undergo energy and 

momentum relaxation towards the band gap minimum. Typical mechanisms are Coulomb 

scattering and the interaction with phonons. Finally, the electrons recombine with holes under 

emission of photons. 

2.7.2 Effects of disorder 

Real material systems always incorporate disorder. Examples are the structural [48] defects in 

the lattice or the disorder due to variations of the chemical composition. Their treatment is 

extremely challenging for microscopic theories due to the lack of detailed knowledge about 

perturbations of the ideal structure. Thus, the influence of the extrinsic effects on the PL is 

usually addressed phenomenologically [49]. In experiments, disorder can lead to localization 

https://en.wikipedia.org/wiki/Bandgap
https://en.wikipedia.org/wiki/Semiconductor_Bloch_equations
https://en.wikipedia.org/wiki/Conduction_band
https://en.wikipedia.org/wiki/Valence_band
https://en.wikipedia.org/wiki/Coulomb_scattering
https://en.wikipedia.org/wiki/Coulomb_scattering
https://en.wikipedia.org/wiki/Phonons
https://en.wikipedia.org/wiki/Crystallographic_defect
https://en.wikipedia.org/wiki/Order_and_disorder_(physics)
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of carriers and hence drastically increase the PL life times as localized carriers cannot as 

easily find nonradiative recombination centers as can free ones. 

2.7.3 PL Spectra from MQWs  

In photoluminescence (PL) technique, the sample is excited with light („photo‟). Some of the 

incident energy is emitted as light („luminescence‟), which implies the name PL. Excitation is 

usually by a laser, for convenience of directed beam, with beam power of 100‟s of mW. 

Laser light is absorbed by the crystal, exciting an electron from the valence band to the 

conduction band. In InGaN/GaN and GaN/AlInN MQWs, it is assumed that the PL spectra 

are obtained due to the recombination of localized exciton. There is pronounced effect of 

temperature on the PL peak energy position and line-widths.  

 

 

Figure 2.8: Schematic View (a) and typical photoluminescence spectra (b) from the 

Time Resolved Photoluminescence Spectroscopy (TRPL) [50]  
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Figure 2.9: Luminescence spectra for two different temperatures.   
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2.7.3.1 Peak energy of PL Spectra 

Generally the PL spectra are in Gaussian shape. In Gaussian shape there is peak position of 

the distribution which is the center of that distribution. For the case of PL spectra, when we 

obtain the PL intensity verses recombination energy curve as shown in Fig. 2.9, the peak 

position indicates that the maximum number of recombination occurs at that energy point. 

For this reason, the intensity is high at this energy point. In Fig. 2.9, there are two PL spectra 

which have been shown for two different temperatures. The PL peak energy changes with the 

change in temperature due to phonon-induced variation of exciton localization dynamics.      

2.7.3.2 FWHM of PL Spectra 

The FWHM or line-width is the width of the distribution at the point where the intensity (Y-

axis) is half of the peak value. With change in temperature the PL intensity changes due to 

the reduction of radiative recombination of carrier in III-nitride based MQWs. In Fig. 2.9, for 

two different distributions, I1 and I2 are two different intensities have been indicated. The 

line-widths of each distribution are calculated using this I1 and I2.                                    

2.8 PL study of III-nitride based MQWs 

Several experimental studies [5, 17-19] have been performed to investigate the PL behaviors 

in III-nitride MQWs structure. Some studies are performed to investigate the optical behavior 

for a particular temperature. Several studies are performed for low or high range of 

temperature. In this thesis, the temperature dependent PL behavior is investigated in 

InGaN/GaN and GaN/AlInN MQWs for the temperature range of 3K to 300K.  Experimental 

studies reveal that the PL peak energy positions and the FWHM exhibit the S-shaped and W-

shaped behavior with temperature as shown in Fig. 2.10 (a) and (b) respectively. Now 

question arises what are the reasons for such type of inhomogeneous behavior. Following 

explanation gives the possible mechanism for this type of inhomogeneity [17].    

To explain in detail the above mentioned the S-shaped (W-shaped) temperature dependent 

behavior of the peak energy positions (line-width), the schematic diagrams shown in Fig. 

2.11 indicate the possible mechanism of carriers transferring in the MQWs structure at 

different temperatures. At low temperature of (~6K), carriers are randomly distributed among 

the potential minima [Fig. 2.11(a)]. As the temperature increases from (up to 60K), weakly 

localized carriers are thermally activated and relax down into other strongly localized states 
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via hopping [49-52] and reach a saturated redistribution [Fig. 2.11(b)], which results in the 

initial redshift of the peak energy [Fig. 2.8(a)]. It is consistent with the initial decreasing of 

the PL line-width in the temperature range of T≈6–40 K [Fig. 2.10(b)]. After 60 K, increasing 

temperature enable carriers to achieve the thermal equilibrium with the lattice and to occupy 

higher-energy levels of the localized states [Fig. 2.11(c)], thus results in the blue-shift of the 

peak energy [Fig. 2.10(a)]. Accordingly, the rapid increase of the line-width in T ≈40–70 K  

 

 

 

 

Figure 2.11: Schematic diagrams indicating the possible mechanism of carriers transferring 

in the MQWs structure. (a)-(d) represent respectively the case of the carriers distribution at 

lowest temperature (6K),  lower temperature (60K), a  slightly higher temperature (60-

170K), and at higher temperature [17] 

 

Fig. 2.10: Temperature dependence of PL peak energy (a) and FWHM (b) for 

InGaN/GaN MQWs measured at different excitation powers [17] 
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represents a crossover from nonthermalized to thermalized energy distribution of localized 

excitons [Fig. 2.10(b)] [5, 53]. A quick decrease of the line-width in T ≈70–110 K as shown 

in Fig. 2.10(b), is explained as that when further increasing temperature above 70 K, even the 

most localized carriers become progressively mobile. Therefore the carrier distribution 

narrows [Fig. 2.11 (d)], and the line-width decreases. After T≈110 K, the role of the regular 

thermalization of carrier starts to become more and more important, which results in the line-

width increase at a lower rate up to the full-delocalization temperature of Tmax≈170 K [Fig. 

2.10(b)]. It is consistent with the slow increase of the peak energy in the temperature range 

[Fig. 2.10(a)]. Finally, the peak energy decreases and the line-width increases markedly up to 

300 K, in agreement with a regular thermalization of the carriers. Considering this physical 

mechanism of carrier transferring with temperature, the Monte Carlo simulation is performer 

for the exciton hopping which will be broadly discussed in the next chapter. 
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3.1 Introduction  

This chapter clears the interfacing of the simulation technique to the physical origin of the 

inhomogeneous optical behavior in III-nitride MQWs. At first, the origination of localized 

states has been discussed. The distribution of localized states with energy has been analyzed. 

Finally, the transition of carrier (exciton) through the disordered QW structure has been 

calculated using the Monte Carlo simulation adopting the Millar-Abrahams rate.      

3.2 Localized States in III-nitride QW structure 

All the semiconductor heterostructures possess a certain degree of disorder due to the 

imperfect interfaces between the well and barrier layers as well as their internal alloy 

structure [49]. III-nitride QWs are the examples of heterostructures which are made by 

joining different materials, usually in layers, and with the materials joined directly at the 

atomic level. For InGaN/GaN or GaN/AlInN QWs, when two semiconductors are joined, it is 

not clear in advance how the different bands in the two materials will line up in energy with 

one another, and there is no accurate predictive theory in practice.  

Due to the complex band structure as shown in Fig. 3.1 for wourtzite III-nitride 

semiconductors, there exists some localized stares spontaneously [53]. The excitons 

recombine from these localized states and give luminescence. The Band structure of InGaN 

epitaxial layer is also more complicated due to the limited solubility of Indium into GaN 

matrix. However,   the introduction of Indium into GaN plays a key role in strain and band  

 

 

 

 

 

 

Figure 3.1: Schematic view of band structure of typical III-nitride QW structure. Ideal 

structure is shown in Fig. (b), whereas the disorder induced band structures due to the internal 

alloy structure and imperfect interface are shown in Fig. (a) and (c), respectively.      
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engineering of nitrides [54]. Indium is demonstrated to smooth the chaotic band-tail potential 

induced by partial disorder in the nitride alloys due to composition fluctuations [55]. In 

particular, in narrow QW‟s the interface roughness creates an essential disorder potential 

giving rise to band tails composed from localized states. These tails in general affect the 

dynamics of the Coulomb-correlated electrons and holes (exciton).   

3.3 Density of localized states (DOS) 

It is well known that an essential disorder potential in semiconductor heterostructures 

originates due to internal alloy structure and imperfect interfacing [49]. The disorder 

potentials give rise to band tails which are composed from localized states. These tails affect 

the dynamics of the Coulomb-correlated electrons and holes. In Fig. 3.2 (a), the disorder 

potentials with localized states are clearly visible. The density of localized states (DOS) is 

maximum near about the nominal value of band-gap energy of the well layer of MQW 

structure. With the decrease in energy below the conduction band (CB) of the well layer the 

DOS decreases. The reduction of DOS with energy as shown in Fig. 3.2 (b) could be in two 

ways viz. exponential or Gaussian. In the case of exponential distribution of DOS [49] with 

energy, the energy distribution of the localized states is given by:  
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Figure 3.2 : (a) Potential profile fluctuation shown for three-period InGaN/GaN MQWs 

due to internal alloy structure and imperfect interface of well and barrier (b) Density of 
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Figure 3.3: (a) Ideal and (b) disordered CB of InGaN/GaN QW. Gaussian distribution of the DOS with 

energy considering (c) localized states only and (d) both of localized sates and extended states. 
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where N is the concentration of localized states and E0 is the scaling energy. Normally it is 

considered that the reference energy, E =0 which indicates the nominal band-gap energy of 

that material. In the case of Gaussian distribution of the localized states [49], a different 

mathematical expression than the exponential distribution gives the DOS which is given by 

the following expression, 
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In this expression, N is the concentration of localized states and σ is the scale of the energy 

distribution. The reference energy is again E=0, which is the middle of the distribution as 

shown in Fig. 3.3. Usually, all the energies in analyzing the excitonic phenomenon in III-

nitride MQWs are considered below this value i.e. half distribution. The level of µ indicates 

the level of CB of the well layer. The rectangular window in Fig. 3.3 (c) shows the density of 

localized states only. 

It has been assumed that, at high temperature, the thermal energy (KBT) of carrier (exciton) is 

very high. Consequently there is a possibility of the carrier (exciton) to travel through the 

extended states and get recombined. This behavior is clearly visible in Fig 3.3 (b). If the 

extended states are considered to incorporate into the analysis exciton transition, some 

portion of the positive half of the Gaussian distribution is taken into account by setting some 

values of E0. The DOS considering the localized states as well as some portion of the 

extended states is depicted in Fig 3.3 (d) by a rectangular window (wider than the before 

rectangle).    

 

Figure 3.4: (a) Schematic plot of a disorder induced potential profile in InGaN alloy and (b) 

Gaussian DOS showing dispersion of the distribution of localized states within the cluster, σ 

and among the clusters, Γ [53]. 
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In Gaussian distribution of DOS, σ indicates the potential profile fluctuation within the 

Indium-rich region for Indium containing ternary alloy based MQWs structure. Due to the 

phase separation in InGaN ternary alloy, different clusters originate with different Indium 

composition. The scale of energy distribution within the Indium-rich region and among the 

Indium rich region is not similar. To analyze the scale of energy distribution among the 

Indium rich regions additional scale Γ is incorporated to the σ as shown in Fig 3.4. Then the 

actual DOS [53] becomes (Appendix B):     

 

    

                                       (3.3) 

 

3.3.1 Additional Inhomogeneity Parameter in Γ in III-Nitride MQWs  

To calculate the numerical value of inhomogeneity parameter, σ (meV) in III-Nitride based 

MQWs, the experimental anomalous temperature behavior of PL line-width (FWHM) is 

carefully investigated. The experimental FWHM slightly increases at lower temperature 

whereas a sharp increase is observed at low temperature. At moderate range of temperature, 

the FWHM remains approximately constant whereas it increases at high temperature [5]. 

Therefore, the experimental FWHM shows the W-shaped behavior with temperature as 

shown in Fig. 3.5(a). Generally the value of inhomogeneity parameter, σ III-Nitride based 

QW structure is determined using the value of temperature at which the FWHM gets 

saturated. The temperature dependent value of σ can be estimated by the following 

expression [5],  

TKmeV B2)(                                                                            (3.4) 

In equation (3.4), the KB is the Boltzmann‟s constant. The value of temperature at which the 

FWHM gets saturated is approximately 150K as shown in Fig. 3.5(a) which gives the 

dispersion parameter, σ=25meV.  

The additional inhomogeneity parameter, Γ (meV) is strongly dependent on the Indium 

composition in the active layer of InGaN/GaN MQWs. The dependence of Γ on Indium 

composition in InGaN/GaN MQWs is given by the following linear fit with the experimental 

results [5] as shown in Fig 3.5 (b).   
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In equation (3.5), x is the Indium composition in the InGaN active layer of InGaN/GaN 

MQWs. It indicates that with the increase of Indium composition in InGaN/GaN MQWs, the 

formation of individual Indium-rich region increases.    

3.4 Exciton transport through disordered material   

The exciton created by the absorption of photon can recombine via several paths during the 

transport through the fluctuated band structure of III-nitride semiconductor. The separation of 

the electrons in the CB and holes in VB is broadly the band-gap of the semiconductor Eg. 

However, small changes in this energy result as the carriers occupy various points near the 

band edges of the band structure or recombine via mid band levels as shown in Fig 3.6.  

Figure 3.5: (a) The temperature dependent W-shaped PL FWHM for In0.22Ga0.78N/GaN MQWs 
[5] and (b) the composition dependent additional inhomogeneity parameter [5], Γ in 

InGaN/GaN MQWs   
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Figure 3.6: Typical III-nitride recombination paths [56]. 

 

Several recombination pathways exist for III-nitride MQWs as a result of the compositional 

fluctuation in ternary alloy and imperfect interfacing between well and barriers [33].  

(i) Path 1 is band to band recombination between electrons in the CB and holes in the 

VB, resulting in an emitted photon at the band gap energy of the material. 

(ii) Path 2 is a defect level transition, where the carriers recombine via a defect and lose 

energy non-radiatively (or by emission of a photon at much lower energy).  

 

(either an electron higher up in the CB or a hole lower down in the VB) to a higher 

energy instead of emitting as a photon. 

(iii) Path 3 is emission related to dopants, either donor to acceptor emission, or frees to 

bounds. If the semiconductor material is doped, the dopant atoms may introduce a 

level below or above the CB and VB respectively. Recombination via these states 

results in a photon of lower energy than the original material band-gap.  

(iv) Path 4 is Auger recombination, and only applicable at large excited carrier density. 

The energy from a recombining electron and hole acts to promote a third carrier  

 

(v) Path 5 is exciton recombination, where an electron and hole are excitonically bound 

due to coulomb interactions. The excitons may be free to move through the structure, 

and recombine emitting a photon at slightly reduced energy.  

(vi) Path 6 is recombination via a phonon interaction, resulting in photon emission at a 

slightly reduced energy to the material band-gap. 
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Band-to-band radiative recombination, as path 1 in Fig. 3.6, results in a photon with the same 

energy as the band-gap, while the other paths result in a decrease in this energy, or lack of 

photon emission. In this thesis, exciton recombination, path 5 and path 6 is studied by 

measuring the PL peak energy position and line-widths for a wide range of temperature.  

For a particular temperature, exciton recombination is a result of the Coulomb attraction 

between electron and hole. This increases the probability of an optical transition, and 

therefore the light emission efficiency in an III-nitride MQW structure. An exciton is a 

neutrally charged system of electron and hole bound together, with the ability to move freely 

in a semiconductor (allowing both electron and hole to remain coupled as they move) [57]. 

These free moving Wannier-Mott excitons may result in the majority of light emission from 

III-nitride MQWs. This is due to a high exciton binding energy in the III-nitride 

semiconductor [58]. The binding energy is calculated using Bohr model [59], where the large 

effective mass of an electron and hole in III-nitrides, and high dielectric constant of the 

semiconductor result in the large exciton binding energy.  

While the PL spectra are observed for different temperatures, the recombination mechanisms 

of exciton change due to the phonon-assisted exciton hopping [53]. The exciton gets hop due 

to the interaction with the phonon particle. There are some possible fates of exciton as shown 

in Fig. 3.5. (I) Exciton gets rediatively recombine from a localized state by which the spectra   

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.7: Scheme of hopping transport through the disordered potential [60]. 
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of luminescence is observed. (II) Hopping of exciton may occur due to the interaction with 

phonon particle. By hopping exciton go to either a nonraditive center originated due to 

dislocation/other defects or another localized states giving luminescence. It is found that the 

hopping rate of exciton between the localized states is exponentially dependent on the 

distance and energy difference. The hopping rate between the localized states with energies Ei 

and Ej, respectively is given by Millar-Abrahams rate [61]  
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                         (3.6) 

where, rij is the distance between localized states through which the hopping occurs, α is the 

decay length of exciton wave function, υ0 is the attempt to escape frequency in a localized 

state.  

 

3.5 Monte Carlo simulation  

The phonon-assisted hopping process of exciton as described in the previous section is 

attributed to the inhomogeneous optical behavior in InGaN/GaN and GaN/AlInN MQWs. 

Two possible phenomena are considered to explain the inhomogeneity in the MQW 

structures viz. (i) recombination of exciton and (ii) hopping of exciton. These two phenomena 

are simulated using Monte Carlo simulation technique [62]. The details of Monte Carlo 

simulation technique have been illustrated in Appendix.     

 

3.5.1 Monte Carlo simulation of Exciton hopping   

The simulation technique to study the hopping energy relaxation and luminescence of 

excitons is similar to that suggested by Silver et al. [63, 49]. It is assumed that excitons 

behave like single particles in their hopping movement between localized states. However, 

contrary to single electrons and holes recombining via tunneling processes, excitons have 

some typical lifetime 0  with respect to their radiative recombination.  

A 2D rectangle of the linear size ( 100100 ) as shown in Fig. 3.8 is considered and the 

periodic boundary conditions are employed. The each site of the rectangle is considered as a 

localized state. For the Monte Carlo simulation of exciton hopping through the localized 

states it is assumed that these states are distributed in space at random within the rectangle.   
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Figure 3.8: Modeling for Monte Carlo simulation of exciton hopping in III-nitride MQWs. 

 

For the each iteration of the simulation process, a particular number of localized states (25%) 

are considered form the 100100  number of states as shown in the rectangle of Fig. 3.8. The 

energies of the selected localized states (sites) were chosen by a random number. The 

distribution of the energy of each localized states are considered in such a way that a 

Gaussian DOS is obtained. The energetic parameter of the DOS acts as a scaling parameter 

for all energies in this simulation technique. Therefore, to perform the Monte Carlo 

simulation of exciton hopping through the localized states, no correlation between energies of 

sites and their spatial positions were allowed. Consequently there is no correlation of the 

distance between the localized states. These sites simulate the set of localized states that an 

exciton can use for its hopping motion.  The rate of a hopping transition from an occupied 

site i to an empty site j over a distance rij is determined by the Miller-Abrahams expression 

[60] as described in previous section 
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                          (3.7) 

Hopping and recombination of a large number of excitons n has been simulated 

independently. The fate of each of them has been studied in the following way. First an 

exciton is situated at a random site i within the array of sites described above. Then the decay 

rate iv  is calculated as 

We 

have 

 A region ( 100100 ) with random number of localized states, 

 Unknown amount of energy of each localized states 

 Unknown distances among the localized states 

 Unknown number of excitons that get hop 

 Unknown number of excitons that get recombined 
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Figure 3.9: Flow diagram to adopt Monte Carlo approach to simulate the exciton 

hopping and relaxation in III-nitride MQWs.  
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j
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0                                                                  (3.8) 

Because the hopping rates 
ijv  depend exponentially on the distances and energy differences 

between localized states, only few of them determine the sum in the right hand side of Eqn. 

(3.8). Therefore, we restricted the number of ijv terms in this sum by M largest terms. Usually 

M is taken as 32 and it has been checked that the increase of M up to 64 does not change the 

simulation results [49].  

Using a random number generator, the real time ti of the next process, which is to occur with 

the chosen exciton, has been calculated as  

1

1 lnvti 
                                                            (3.9) 

Where 
1  is a random number from the uniform random number distribution between 0 and 

1. Then using the rates 1

it and ijv and another random number 
2  the specific process is 

determined. If it is the hopping transition to some localized state j, the exciton is transferred 

to the site j, the term ti is added to the whole time counter, and the algorithm is repeated. If it 

is the exciton recombination, the energy position of the exciton is stored along with the sum  

of times ti, which the exciton has spent for the successive hops, and also for the last step. 

Then a new exciton is considered, and so on. The results of the simulation are the spectrum of 

the recombination energies and the distribution of the recombination times for all n excitons.  

The parameters of the system under consideration, i.e. 0 , 0v ,  , and the concentration of the 

localized states N can be combined into a set of only two essential parameters 2N and 00v . 

The energies are always scaled by the typical energy scale of the DOS function. The number 

of sites N0 was chosen to be equal to 2500 and the number of exciton fates simulated for each 

set of parameters varied from 10
4
 to 10

5
, in order to get the reliable results after the 

averaging. The flow chart depicted in Fig. 3.9 shows the basic of Monte Carlo simulation to 

calculate the hopping and relaxation of exciton in MQWs 

3.6 Fitting Parameters in Monte Carlo simulation   

To make the calculated results for PL peak energy position (First momentum) and line-width 

(Second momentum) obtained from the Monte Carlo simulation best suited with the 

experiment, there are two essential fitting parameters. One of them is for the fitting of 

temporal variation ( 2N ) and another one is for spatial variation ( 00v ) of experimental 

results with temperature.    
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Figure 3.9: The temperature dependence of the PL peak energy position for different values 

of 00v  with (a) 2N =0.1 and (b) 2N =1, respectively. The temperature induced line-width 

for different values of 00v  with (c) 2N =0.1 and (d) 2N =1, respectively [49]. 

3.7.1 Parameter  00v    

This fitting parameter is used to fit for the spatial variation ( 00v ) of experimental results 

with temperature. It is found from Fig. 3.9 (a) that for a particular value 2N with the 

increase of 00v , the value of PL peak energy position shows the greater red shifting behavior 

with temperature in compare with the smaller 00v . It may be due to the reason that the 

(b) 

(a) (c) 

(d) 
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quantity 00v  is generally increased by increasing the value of τ0 (the radiative lifetime of 

exciton). The increased τ0 allows the carrier to move over deeper localized states. The 

recombination of exciton from deeper localized states gives the red shifting behavior with 

temperature. At low temperature, the line-width becomes narrower with increase of τ0. due to 

the recombination of exciton from a smaller number of deeper localized states.     

                  

3.7.1 Parameter  2N    

From the Fig. 3.9 (c) and (d) it is found that for a particular value of spatial variation, 00v (for 

example 10
6
), the line-width (FWHM) variation with temperature depends on the another 

fitting parameter 2N . When 2N  is increased, the number of localized states increases. 

The recombination of exciton from a large number of localized states gives broadened line-

width with temperature.           
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4.1 Introduction 

In this chapter, the calculated PL spectra have been presented for InGaN/GaN and 

GaN/AlInN MQWs using the Monte Carlo simulation of phonon-assisted exciton hopping 

and localization. The simulation results have been shown for the temperature range of 3K to 

300K. The peak energy positions and the line-widths of the PL spectra have been calculated 

for both of MQWs considering the phonon-induced variation of exciton lifetime. The 

temperature-induced variation of PL peak energy positions and line-widths for InGaN/GaN 

and GaN/AlInN MQWs has been observed for the entire range of temperature. To investigate 

the effect of barrier height on the optical properties of GaN/AlInN QW structure, the PL peak 

energy positions and line-widths have been calculated for GaN/Al0.88In0.12N and 

GaN/Al0.78In0.22N MQWs.     

 

4.2 Photoluminescence study of InGaN/GaN MQWs 

 

To investigate the temperature behavior of PL spectra in InGaN/GaN MQWs, the Monte 

Carlo simulation of phonon-induced exciton hopping has been performed considering the 

structure as shown in Fig. 4.1(a). The structure consists of four-period of In0.3Ga0.7N QWs 

with the thickness of each 3nm. The QWs are separated by 14nm thick GaN barrier layers 

deposited on a buffer layer of GaN with the thickness of 2.5µm. Figure 4.1(b) shows the  
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Figure 4.1: (a) Schematic view and (b) calculated photoluminescence spectra with peak energy 
position and line-width at the temperature of 29K for five-period In0.3Ga0.7N/GaN MQWs  
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calculated PL spectra from the considering MQWs for a particular temperature of 29K. The 

line-width or FWHM (full width at half maxima) and the peak energy position of the PL 

spectra are calculated. It is found that the PL line-width is 128meV. The peak energy position 

of the PL spectra is found where the exciton localization energy is 60meV. Exciton 

localization energy is amount of energy by which the energy of emitted photon is smaller 

than the band-gap energy as shown in Fig. 4.2. The interrelation among the exciton 

localization energy or exciton energy (Ex), band-gap energy (E) and the energy of emitted 

photon ( 0E ) can be estimated  

xEEE 0                                      (4.1) 

The exciton energy can be found from this expression in terms of 0E  and E as follows: 

 EEE x  0                                       (4.2) 

Figure 4.3 shows the calculated PL spectra in InGaN/GaN MQW structure for the 

temperature range of 10K to 300K. The horizontal axis of this figure is in the scale of exciton 

energy according to the equation of 4.2. The peak positions of the calculated PL bands at 

various temperatures have been indicated by the dotted line. The PL peak energy positions 

exhibit the red-shift up to the temperature of 100K and the blue shift is observed till the 

temperature of 300K.  
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Figure 4.2: Interrelation of Exciton energy (Ex), Band-gap energy (E) and the energy 

of emitted photon (E0). 
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4.2.1 PL Peak Energy Position in InGaN/GaN MQWs 

The calculated peak energy positions of the PL spectra in In0.3Ga0.7N/GaN MQWs with 

temperature are depicted in Fig. 4.4. The black solid line in Fig 4.4(a) shows the PL peak 

energy position for conventional Monte Carlo simulation.  It is found that the simulation 

result designates the redshift-blueshift behavior with temperature. Kazlauskas et. al. has also 

shown the similar results [5, 53] for the temperature behavior of PL peak energy positions in 

In0.22Ga0.78N/GaN MQWs and Al0.1In0.01Ga0.89N quaternary alloy using the Monte Carlo 

simulation of phonon assisted hopping of exciton. However, the experimental works [5, 17, 

64-66] reveal the S-shaped (redshift-blueshift-redshift) temperature behavior in contrast with 

the simulation work (redshift-blueshift). This indicates that the traditional [5, 53] Monte  

Figure 4.3: Calculated excitonic photoluminescence (PL) spectra of In0.3Ga0.7N/GaN MQWs 

for the temperature range of 10-300K. The band peak positions are indicated by the dotted 

line. The horizontal axis is in units with respect to the exciton energy.  
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Carlo simulation results for the PL peak energy positions are not well matched with the 

experiment at high temperature.   

To achieve the quantitative description of the temperature induced shifting behavior of PL 

peak energy positions in InGaN/GaN MQWs, the phonon induced variation of exciton 

radiative lifetime (τ0) has been integrated in the traditional Monte Carlo simulation of exciton 

hopping. The earlier studies [5, 22, 53] on the Monte Carlo simulation of exciton hopping 

reported that the most realistic fitting of the calculated results with experiment depends on the 

choice of temporal (Nα
2
) and spatial (τ0υ0) fitting parameters. These parameters are assigned 

specified fixed value for the entire temperature range, which implies that τ0 is also a constant 

for any temperature. However, the experimental studies [67] indicate that the change in  

Figure 4.4: The photoluminescence peak energy positions for In0.3Ga0.7N/GaN MQWs with 

temperature. The red and the black solid lines show the simulation results considering and 

without considering the band-gap shrinkage at high temperature, respectively for (a) 

traditional Monte Carlo simulation and (b) the simulation results with the temperature 

induced variation of exciton radiative lifetime (τ0).  
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temperature affects the τ0 in Indium containing ternary alloys i.e. τ0υ0 is affected by phonon 

particle. The phonon-induced variation of radiative lifetime of exciton [67] has been shown in 

the inset of Fig. 4.5. At high temperature, the sharp direct recombination of exciton cannot be 

resolved due to the thermal activation of non-radiative centers such as dislocation and other 

defects [68]. Additionally, the excitons are supposed to thermal activation form strongly 

localized states caused by the coupling with phonon particle at high temperature. There 

occurs the thermal redistribution of exciton over the localized states. The degree of 

interaction between the phonon and excitons increases which indicates the thermally 

activated increase of lifetime in addition to vibration. The temperature-induced increased 

lifetime gives chance the excitons to hop deeper localized states. Considering the phonon-

induced variation of the radiative lifetime of exciton, the PL peak energy position has been 

depicted in Fig. 4.4(b) by the solid black line. However, a small deviation of simulation 

results is still visible from the experiment at high temperature.    

To minimize the gap between the simulation results and experiment at high temperature, the 

temperature dependent band-gap shrinkage [69, 70] has been included in the simulation to 

calculate the PL peak energy position. The temperature-induced fundamental band-gap 

shrinkage of InGaN is given by the Varshni empirical equation.   
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Figure 4.5: Temperature dependent radiative lifetime of exciton in In0.2Ga0.8N/GaN MQWs. 

The thicknesses of well and barrier layer are 3nm and 4.3nm, respectively [67]. 
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The term, Eg(0) is the transition energy at 0K and α and β are the Varshni thermal coefficient 

[71]. Using the values of Varshni thermal coefficient for the Indium composition of 30% in 

InGaN layer, the amount of band-gap shrinkage is 20mev for the temperature of 200K to 

300K. By including the band-gap shrinkage to the calculation of PL peak energy position, the 

simulation results show the good quantitative fit with the experiment. In Fig. 4.4(a) the red 

solid line indicates the PL peak energy considering only the band-gap shrinkage with 

temperature. In Fig. 4.4(b), the red solid line shows the PL peak energy position considering 

both the temperature induced variation of radiative lifetime of exciton and band-gap 

shrinkage. Therefore, the PL peak energy positions are well-agreed with experiment while 

considering the temperature induced variation of exciton radiative lifetime as well as band-

gap shrinkage. Thus the following description gives the possible explanation of temperature 

induced localization dynamics of exciton in InGaN/GaN MQWs for the entire temperature 

regime of 10K to 300K.  

At very low temperature (~10K), the excitons are randomly trapped in the potential minima. 

The recombination of the trapped excitons produces the luminescence corresponding to the 

energy of potential minima (localized sates). In contrary to the recombination of single 

electron and hole via tunneling processes, excitons have some typical lifetime with respect to 

their radiative recombination [72]. However, till the temperatures of 100K, only the weakly 

localized excitons are activated by the phonon particle. The activated excitons get relaxed 

down to their neighboring strongly localized states. Thus, an initial red-shift is visible for the 

peak energy position of the PL spectra from the redistributed excitons. At medium 

temperature range (100-200K), the phonon particle enables exciton to achieve the thermal 

equilibrium with the lattice and occupy the localized states with comparatively higher energy. 

The recombination of localized exciton at higher energy states results in the blue-shift of the 

PL peak energy. Finally, at high temperature (200K-300K), the peak energy decreases due to 

the phonon induced broadening of exciton radiative lifetime and typical band-gap shrinkage 

with temperature.
  
   

4.2.2 PL Line-Width in InGaN/GaN MQWs 

Figure 4.6 shows the temperature behavior of the calculated full width at half maxima 

(FWHM) of PL bands displayed in Fig. 4.3. At first, the PL FWHM has been calculated 

considering the band potential fluctuation within the Indium-rich regions [53] in the ternary 

alloy. Especially, in InGaN/GaN MQWs, these regions originate due to the limited solubility 
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of Indium into the GaN matrix. However, the W-shaped behavior of PL FWHM is attributed 

to the phonon-induced recombination mechanism of exciton. At low temperature (<100K), 

the excitons are unable to attain the equilibrium distribution within the localized states due to 

their finite lifetime. Thus, the recombination of excitons leads to the narrower line-width. At 

medium temperature range (100-200K), an abrupt increase of line-width is visible due to the 

transferring of excitons from non-thermalized to thermalized distribution over the localized 

states. At high temperature, the line-width is obtained due to the coupling of exciton to the 

acoustic phonons as well as longitudinal-optical phonons [64]. Nevertheless, to find the most 

realistic fitting of the simulation results with the experiment, the dispersion of the distribution 

of localized states (DOS), σ within the Indium-rich regions is chosen from the approximation 

σ = 2KBTkink, where KB is the Boltzmann‟s constant and the value of Tkink is chosen from 

experimental [5, 53] line-width of the PL bands. For this simulation, the value of Tkink is 

chosen 150K, which gives dispersion parameter, σ=31meV. Using this dispersion parameter, 

the simulated FWHM (black solid line) appears to be much narrower than the experiment 

(solid line indicating right side scale). To achieve a quantitative description of the PL FWHM, 

additional inhomogeneity parameter  (meV) is incorporated to the Gaussian DOS to 

indicate the band potential fluctuation among the regions i.e. the average localization energy 

of the individual Indium-rich regions [53]. Thus, the actual density of localized states with 

energy becomes: 
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Figure 4.6: The PL FWHM of photoluminescence bands for In0.3Ga0.7N/GaN MQWs with 

temperature. The dotted line shows the experimental [64] FWHM. The solid lines show the 

simulated FWHMs, for Γ=0meV and Γ=65meV respectively. The dashed line indicates the 

simulated FWHM considering Γ=65meV and phonon induced radiative lifetime of exciton.  
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                                        (4.4)      

The inhomogeneity parameter, Γ strongly depends on the Indium composition of the 

active/barrier layer of MQWs. When Indium composition is of 30% in the active layer of 

InGaN/GaN MQW, the value of Γ is approximated [5] as 65meV. The upper solid line in Fig. 

4.6 show the calculated line-width using the Monte Carlo simulation technique while 

σ=31meV and Γ=65meV. The dashed line shows the PL FWHM considering the temperature-

induced variation of exciton lifetime with additional inhomogeneous broadening. From Fig. 

4.6, it is found that our simulation results quantitatively agree with the experimental PL line-

width over a wide range of temperature.   

From Fig. 4.4 and Fig. 4.6, a good quantitative agreement between the simulation results and 

experiment is obvious for PL peak energy position and line-width over a wide range of 

temperature for MQW structure of InGaN/GaN. However, the precision of our simulation 

results with experiment implies that the temperature behavior of the emission spectra in 

In0.3Ga0.7N/GaN MQW can be estimated by the Monte Carlo simulation of phonon-assisted 

exciton hopping and relaxation. We suggest that this approach could be successfully applied 

to describe the temperature dependent emission spectra in other III-nitride semiconductor 

based MQW structures as well. In the following section, the temperature-induced behavior of 

PL peak energy and the line-width have been quantitatively described by the same simulation 

technique.       

4.3 Photoluminescence study of GaN/AlInN MQWs  

The temperature dependent optical behaviors of GaN/AlInN MQWs structure have been 

investigated using the Monte Carlo simulation of phonon-assisted exciton hopping and 

relaxation. Exciton hopping is simulated for thirty-period of GaN QWs with the thickness of 

each 1.5nm as clearly shown in Fig. 4.7. The QWs are separated by 3.4nm thick Al0.88In0.12N 

barrier layer which is deposited on 2µm template layer. The simulation is performed 

considering the potential profile fluctuation, σ and the additional inhomogeneous broadening, 

Γ. The fitting parameter for spatial variation, Nα
2
 is chosen according to InGaN/GaN MQWs. 

The Monte Carlo simulation is performed considering the temperature dependent variation of 

exciton lifetime as discussed before for InGaN/GaN MQW structure i.e. the fitting parameter, 

τ0υ0 for temporal variation changes with temperature.   
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Figure 4.8 shows the calculated excitonic PL spectra for thirty-period of GaN/ Al0.88Ga0.12N 

MQWs for the temperature range of 3K to 300K. The horizontal axis is in the scale of exciton 

localization energy or exciton energy according to the equation (4.2). The PL peak energy 

positions have been highlighted by the dashed line. It is found that the PL peak energy 

positions exhibits the red-shift up to the temperature of 100K then the blue-shift is observed 

till the temperature of 300K. In InGaN/GaN MQWs, the red-shifting behavior is visible up to 

the temperature of 87K which is lower than GaN/AlInN MQWs. This phenomenon indicates 

that the excitons are strongly localized in GaN/AlInN MQWs than the InGaN/GaN MQWs. 

The line-widths and peak energy position of each PL bands obtained from GaN/AlInN 

MQWs have been calculated. The temperature dependent behaviors of PL line-width and 

peak energy in the above MQWs have been discussed in the following sections.          

 

Figure 4.7: Schematic view of thirty period GaN/ Al0.88Ga0.12N MQWs. The thicknesses of 

well and barrier layer are 1.5nm and 3.4nm, respectively.    
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4.3.1 PL peak energy in GaN/AlInN MQWs  

The dashed line in Fig. 4.9 (a) shows the simulated PL peak energy position for GaN/ 

Al0.88In0.12N MQWs structure for the temperature range of 3K to 300K. The calculated PL 

peak energy positions exhibit the S-shaped shifting behavior with temperature. It is found that 

the simulation results are well-matched with the experimental values [7] for the entire range 

of temperature from 3K to 300K. In Fig. 4.10 (a), the line-width of the calculated PL bands 

from GaN/ Al0.88In0.12N MQWs are also well-agreed with the experiment [7] which will be 

analyzed later.  The matching of simulation results with the experiment supports the 

pronounced effect of hopping and relaxation of localized exciton in fluctuated band structure 

of GaN/AlInN MQWs. 
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Figure 4.8: Calculated excitonic photoluminescence (PL) spectra of GaN/Al0.88In0.12N 

MQWs for the temperature range of 3-300K. The band peak positions are indicated by 

the dashed line. The horizontal axis is in units with respect to the exciton energy. 
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It has also been examined, for comparison, the temperature dependence of PL peak energy 

positions in a MQWs having lower barrier height: a GaN/Al0.78In0.22N MQWs with remaining 

identical features of GaN/ Al0.88In0.12N MQWs. In Fig 4(b), the PL peak energy positions in 

GaN/Al0.78In0.22N MQWs show the reduced S-shaped behavior with temperature. This may 

be due to the degree of localization i.e. the potential profile fluctuation in Al1-xInxN barrier 

layers [8].  

4.3.2 PL line-width in GaN/AlInN MQWs  

At first, the line-width of GaN/ Al0.88In0.12N MQWs have been calculated using σ=25meV, 

Г=55meV and Nα
2
=0.1. The temperature induced lifetime variation has been considered as 

discussed before. The dashed line in Fig. 4.10(a) shows the calculated PL FWHM in GaN/ 

Al0.88In0.12N MQWs for the temperature range of 3K to 300K. It is found that with the change 

of temperature from 3k to 300K the PL FWHM changes from 90meV to 150meV. 

Additionally the PL FWHM has been calculated for GaN/Al0.78In0.22N MQWs. The indium 

composition in GaN/Al0.78In0.22N MQWs is more nearer to the lattice matched structure [8] 

(x~19%) of GaN/AlInN QWs than GaN/Al0.88In0.12N MQWs. The more difference with  
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Figure 4.9: (a) The peak energy positions of the PL bands for GaN/Al0.88In0.12N 
MQWs with temperature. The solid line shows the experimental [7] PL peak energies 

whereas the dashed line indicates the simulation results. (b) Temperature dependent 

PL peak energy position of GaN/Al0.78In0.22N MQW. 
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lattice matched composition causes more band potential profile fluctuation in AlInN alloy 

which results in broaden DOS for localized states in GaN/AlInN MQWs. Therefore, it can be 

approximated that the line-widths of the PL bands for the GaN/Al0.78In0.22N MQWs could be 

smaller than the line-widths from GaN/Al0.88In0.12N MQWs. The PL FWHM for 

GaN/Al0.78In0.22N MQWs are calculated for smaller value of Γ compared to the 

GaN/Al0.88In0.12N MQWs. It is found that with the change of temperature from 3k to 300K 

the PL FWHM changes from 65meV to 100meV. It is found that the two MQWs, having 

different barrier heights exhibited unlike PL line-width with temperature. 
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Figure 4.10: (a) The FWHM for GaN/Al0.88In0.12N MQW with temperature. The solid 

line shows the experimental [7] PL FWHM whereas the dashed line indicates the 

simulation results. (b) Temperature dependence of FWHM of GaN/Al0.78In0.22N MQWs.  
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5.1 Conclusion  

This dissertation focused on the details of inhomogeneous localization dynamics of exciton in 

InGaN/GaN and GaN/AlInN MQWs for a wide range of temperature. A quantitative model 

has been developed based on the modified Monte Carlo simulation of exciton hopping. This 

model qualitatively describes the temperature-induced inhomogeneous behavior of PL peak 

energy positions and line-widths in both MQW structures. The results obtained by the 

developed model have been compared with the experimental results and found to be very 

good agreement. 

An S-shaped (redshift-blueshift-redshift) temperature dependence has been observed for the 

peak energy positions of PL spectra in InGaN/GaN and GaN/AlInN MQWs. Additionally, the 

W-shaped behavior of the line-widths of PL bands is apparent with temperature for both 

MQWs. The simulation results exhibit a good quantitative fit with the experimental unusual 

feature of PL maximum and line-width with temperature while considering the temperature-

induced variation of exciton lifetime in conventional Monte Carlo simulation of phonon-

assisted exciton hopping and relaxation. The matching of simulation results with experiment 

reveals that 2D excitonic kinetics is dominant for the entire range of temperature for the 

MQWs having well and barrier thicknesses near about their critical values. For such type of 

MQWs, the possibility of the origination of dislocation or other nonradiative recombination 

centers is low due to the lower thickness of well and barrier layer. The minor existence of 

non-radiative centers indicates the more enhancement of the non-radiative recombination 

lifetime than radiative lifetime which indicates the dominancy of radiative lifetime in PL 

decay time. At low temperature, the excitons get recombined maintaining their lifetime. With 

the increase of temperature, the interaction between phonon and exciton increases which 

leads to the broadening of exciton lifetime. The enhanced lifetime of exciton decreases the 

recombination energy as consumption of energy due to vibration increases.         

The effect of barrier height on the inhomogeneous optical behavior is also investigated for 

GaN/AlInN MQWs. Significantly different temperature dependences for PL line-widths are 

observed for the GaN/AlInN MQWs with different barrier heights. The MQWs having barrier 

height near to the lattice matched quantum well structure of GaN/AlInN show smaller 

variation of W-shaped PL line-width which indicates the smaller band potential profile 

fluctuation. The well-matching of the calculated results with experimental S-shaped PL 

maximum and W-shaped line-width indicates the formation of potential roughness due to 

inhomogeneous Indium distribution in ternary alloys. 
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These results could be important to understand the realistic optical properties for the 

advancement of InGaN and AlInN MQW based optoelectronic devices.  

5.2 Future work  

The modified Monte Carlo simulation technique described in this dissertation has proven to 

accurately describe the inhomogeneous PL behavior of InGaN/GaN and GaN/AlInN MQWs 

for a wide range of temperature. At the same time, there have been several important physical 

issues to the origination of light emission from III-nitride QW structure that remain to be 

incorporated in the simulation technique. These include the determination of actual density of 

localized states (DOS) with the energy, the effect of phonon DOS.  

The Monte Carlo simulation technique in this thesis has been performed in 2D manner. The 

modified Monte Carlo method can be extended to the three dimensions (3D) to calculate the 

PL spectra in III-nitride MQWs. For calculating the hopping of excitons from one state to 

another, the Millar-Abrahams‟s rate has been considered. In Miller-Abraham‟s rate of 

phonon-assisted hopping process, the dependence of hopping rates on distance and the 

dependence of the mobility on temperature are assumed similar which is not the actual case.   
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Appendix 

Appendix A: Monte Carlo technique to calculate ‘pi’   

A Monte Carlo method [62] is a mathematical model that relies on chance or repeated 

random behavior in order to determine a solution to a problem. In the following section, the 

Monte Carlo technique has been used to determine the value of „pi‟. Consider a circle 

inscribed within a square, like a dart board, as shown Fig. 3.7.Notice that the width of the 

circle is equal to the width of the square. The square has length and width equal to the 

diameter of the circle or twice the radius, i.e. 2r, where r is the radius of the circle.  Now, 

considering the Fig. 3.7, the area of the circle and surrounding square can be given as:  

2rAc                                                                    (3.5) 

222 4)2( rrdddwlAs                        (3.6) 

If we compare the area of the circle with the area of the square, we can form a ratio as 

follows:  

44 2

2 





r

r

A

A

s

c
   

s

c

A

A
4                                (3.7) 

In other words, „pi‟ is equal to the ratio of the area of an inscribed circle to the area of outer 

square multiplied by 4.  

It is imagined that we are able to throw darts (or marbles) at random locations on our 

considered region as shown in Fig. 3.7. With the increase in time, the percentage of random 

darts striking the circle will be proportional to the area of the circle as a percentage of the 

total square area. In other words, if we throw ten darts and seven of them land in the circle 

then the area of our circle is roughly 7/10 or 70% of the area available. If we throw twenty  
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Figure A.1: Monte Carlo simulation approach to estimate the value of „pi‟.  
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darts and twelve darts land within the circle, then we would estimate the area of the circle to 

be 12/20 or 60% of the total area. Using this idea of darts, then, we can determine through 

chance (Monte Carlo simulation) a rough value for the ratio of the area of the circle to the 

total area:  

hit
A

A

s

c 
 thrown darts ofnumber  total

 circle  theinside landing darts ofnumber 
% 

and from this ratio, a value for „pi‟:  


s

c

A

A
4 4×hit %                                           (3.8) 

MATLAB or FORTRAN (or equivalent) is used to generate the random numbers that will 

represent each dart's “position” on the region and to calculate whether each dart represents a 

“hit” or falls outside the circle.  

 first random number will be assigned as the x-coordinate of our first dart 

 second random will be assigned as the y-coordinate of our first dart 

 third random number will be assigned as the x-coordinate of our second dart 

 fourth random number will be assigned as the y-coordinate of our second dart 

 next random number ... x-coordinate of third dart 

 next random number ... y-coordinate of third dart  

 continuing this pattern for each “dart” we care to throw (start with around 100 or 

other number of  “darts”)  

Imagine that a unit circle is centered in a unit square. Imagine the square on the (x, y) origin 

such that the lower left corner of the square coincides with point (0, 0) as shown in Fig. 3.7. 

The square, then, runs up to point (0, 1) and across to points (1, 0) and (1, 1). The center of 

the square, as well as the center of its inscribed circle, lies at point (0.5, 0.5).   

Each set of two random numbers represents the random co-ordinate of each dart. For each 

set, the distance from the center point (0.5, 0.5) is calculated and compared with the 

calculated radius of the circle. The distance can be calculated by geometrical equation as 

follows:  

2

12

2

12 )()( yyxxd                                 (3.9) 
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Appendix B: Derivation of DOS:  

 

 

Figure 3.4: (a) Schematic plot of a disorder induced potential profile in InGaN alloy and (b) 

Gaussian DOS showing dispersion of the distribution of localized states within the cluster, σ 

and among the clusters, Γ [53].  

The derivation of the density of localized state considering σ and Γ:  

Considering only σ, the DOS is given by 

 

  

 

 

Again considering only Γ, the DOS is given by  

  

 

 

Now the actual density of state considering σ and Γ can be written  
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Appendix c: MATLAB Code for Monte Carlo simulation of Exciton 

Hopping  

clc; 
clear; 
tic; 

  

  
mx=100;  
my=100; 
idim=mx*my; % simulation area 
mcut=32;    % M largest terms 32~64 probability of changing of hoping rate  
nhiste=150; % 0~150 localized states in eV depends on material and 

composition 
nhistt=10; 
maxiter=100000; 
maxilcl=100; 

      

  
temp=input('input the temperature:'); %  

  
% c input data 

  
sigma=28;    % for InGaN 31meV when Indium composition 22% 
e0=0; 
acut_1=0;    % for InGaN 0meV  for gauss distribution% 
acut_2=-150; % for InGaN 190meV for gauss distribution when Indium 

composition 22%% 

  
arate=0.25;  %  N in gauss distribution% 
anu0=2e12;  % attempt to escape frerquency (energy) 
tau0 = 1e-10; % exciton lifetime 
alpha2_n=1; % decay length of exciton  
ehist = -acut_2;  
thist=1e-3; 
adt = thist/nhistt;  
ade = (ehist + acut_1)/nhiste; 

       
% initialization %%%call init(idim,nhiste,nhistt,time,histe,histt) 

  
time=zeros(idim); 
histe=zeros(nhiste); 
histt=zeros(nhistt); 
% %    for i = 1:idim 
% %        time(i) = 0; 
% %    end  
% %time=zeros(idim);  
%  for i = 1:nhiste 
%      histe(i) = 0; 
%  end  
%  
%   for i = 1 : nhistt 
%         histt(i) = 0; 
%   end 

  

   
inorm = 0;  
maxmonte=100; 
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isx=zeros(idim); 
isy=zeros(idim); 
isp=zeros(mx,my); 

  
for ilcl = 1: maxilcl 

         

  
    %%%%% step 1#: random choice of site %%%%%%%%% 

  
    % site selection site(mx,my,idim,isx,isy,kseed1,nmax,arate)  

  

     
    %sgrnd = rand(1); 
%     for i = 1:idim 
%         isx(i) = 0; 
%         isy(i) = 0; 
%     end 
%  
     nn = 0; 
     for i = 1:mx 
     for j = 1:my 
%      
%      isp(i,j) = 0; 

  
    r= rand(1);  
    if(r<=arate)   
    nn = nn + 1;  
    isx(nn) = i;  
    isy(nn) = j ;      
    isp(i,j)=nn;  
     end         
     end 
    end  

  
    nmax = nn % number of localized states in each iteration  

  

  
    % site =rand(100,100); 
    % c step 2-1: distribution of energy  

  
    anu=0.5/(sigma^2); 
    ad0=(arate^2)/(2*pi*(sigma^2));  
    ad0=sqrt(ad0);   

  
    % Calculation of energy distribution 

endis(mx,my,idim,en_dis,anu,ad0,e0,& acut_1,acut_2,kseed2,nmax) 

  
    %en_dis(idim); 
    numb = 3000; % energy deference point in guassian distribution 
    add = (acut_1 - acut_2)/numb; 
    anorm=0; 
    for i = 1:numb 
     eng  = acut_2 + i*add;  
     anorm = anorm + ad0*exp(- anu*((eng-e0)^2) )*add ;  
    end 

  
    for i = 1:nmax 
    r1= rand(1);  
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    asum = 0;  
    bsum = 0; 
    en_dis(i) = 0; 
    for inum = 1: numb+1 
          eng = acut_2 + inum*add ; 
                        bsum = asum + ad0*exp(-anu*((eng-e0)^2) )*add/anorm 

;  
                if(r1>=asum && r1<bsum)  
                    en_dis(i) = eng; 
                end 
                asum = bsum; 
    end 
    end 

  
       for i = nmax+1:idim 
          en_dis(i) = 10000; 
       end 

  
        en1 = 0; 
       for i = 1:nmax 
        en1 = en1 + en_dis(i)/nmax; 
       end  
        en2 = 0; 
    for i = 1:nmax 
     en2 = en2 + ( en_dis(i)^2 )/nmax; 
    end  

  

     

  
% calculation of transition rate step 2-2: tarnsition rate  

  
    beta = 1/temp;  
    alpha= sqrt(alpha2_n/arate); 

  
%if (ilcl/(1*1)==ilcl) 
% call table(mx,my,idim,mcut,nmax,isx,isy,en_dis,pij,anui,& 

ixy,tau0,anu0,alpha,beta) 

  
   % isx(idim); 
    %isy(idim); 
   % en_dis(idim); 
   % pij(idim,0:mcut); 
   % ixy(idim,mcut); 
   % sum(0:mcut); 
   % icand(mcut,0:1); 
    %rdis(mcut,0:1); 
   % anui(idim) 
    acx = 0.5*mx;  
    acy = 0.5*my; 

       
      ia = 0;  
      ib = 1; 

   
    for imain = 1:nmax   
        for idm = 1:mcut   
         icand(idm,1) = idm;  
         rdis(idm,1) = 5000; 
         icand(idm,2) = idm;  
         rdis(idm,2) = 5000; 
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        end  

        

         
        %  c sourting largest mcut (j in equation 2 prb58,19,1998)  
    for  j = 1: nmax 
         ia = -ia + 1; 
         ib = -ib + 1; 
     if(j==imain)  
        for idm = 1:mcut 
             icand(idm,ia+1)=icand(idm,ib+1); 
             rdis(idm,ia+1)=rdis(idm,ib+1);  
        end  

         
     end 
        ax = isx(imain)-isx(j);  
        ay = isy(imain)-isy(j); 
        ax = abs(ax); 
        ay = abs(ay); 
       if(ax>acx)  
           ax = mx - ax; 
       end 

        
       if(ay>acy)  
           ay = my - ay; 
       end 
       rr = sqrt( ax^2 + ay^2 ); 

        
    % c case 1 , rr <_ rdis(1) 
       if(rr< rdis(1,ib+1))  

            
        for ir = 2:mcut 
         icand(ir,ia+1) = icand(ir-1,ib+1);  
         rdis(ir,ia+1) = rdis(ir-1,ib+1); 
        end  
         icand(1,ia+1) = j;  
         rdis(1,ia+1) = rr; 
       end          
    % c case 2 rdis(mcut-1) < rr _< rdis(mcut) 

  
      if( (rr >= rdis(mcut-1,ib+1))&& (rr<rdis(mcut,ib+1)))  
        for ir = 1: mcut-1 
            icand(ir,ia+1) = icand(ir,ib+1); 
            rdis(ir,ia+1) = rdis(ir,ib+1); 
        end  
         icand(mcut,ia+1) = j;  
         rdis(mcut,ia+1) = rr; 
      end 

        
    % c case 3  rdis(itry-1) < rr _< rdis(itry) 
      for itry = 2: mcut-1    
       if( (rr>= rdis(itry-1,ib+1)) && (rr < rdis(itry,ib+1))) 

           
      for   ir = 1:itry-1 
            icand(ir,ia+1) = icand(ir,ib+1);  
            rdis(ir,ia+1) = rdis(ir,ib+1); 
      end  
         for ir = itry+1:mcut 
             icand(ir,ia+1) = icand(ir-1,ib+1); 
             rdis(ir,ia+1) = rdis(ir-1,ib+1); 
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         end  
          icand(itry,ia+1) = j;  
          rdis(itry,ia+1) = rr; 
       end  
      end  
    end 

         
                %calculation of vij 
        zz = 1/tau0; 
        pij(imain,1) = 1/tau0; 

          
    for icut =  1: mcut 
        ixy(imain,icut) = icand(icut,ia+1); 
        rr =  rdis(icut,ia+1); 
        en = en_dis(icand(icut,ia+1))- en_dis(imain) ;        
    if(en>0)  
        pij(imain,icut) = anu0*exp(-2*rr/alpha)*exp(-beta*en); 
    end 
        if(en<=0)  
            pij(imain,icut) = anu0*exp(-2*rr/alpha); 
        end 
        zz = zz + pij(imain,icut) ; 
    end  

       
        asum = 0; 
    for icut= 1: mcut 
        asum = asum +  pij(imain,icut)/zz; 
        sum(icut) = asum; 
    end  

  
    for icut = 1:mcut 
        pij(imain,icut) = sum(icut); 
    end  
        anui(imain) = zz;  
    end 

  
    if(imain==284)  
    aaa = en_dis(imain); 
    end 

  
    % c start monte calro  

  
    for iteration = 1:maxiter 
          rans = rand(1);  
          rans=nmax*rans + 0.1;  
          i = round(rans); 
          if i==0; 
              i=i+1; 
          end 

  
    for imonte = 1:maxmonte 

  
  % c case 1 recombination 
         %rans = rand(1);  
         % at = -1*anui(i)*log(rans); % PRB58,19,1988 
         at = -(1/anui(i))*log(rans); 
      %   rans = grnd(); 
        if(rans <= pij(i,1))  
         atime = time(i) + at;  
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        aen= - en_dis(i); 
         inorm=inorm+1; 
        time(i)= 0;  
      % callst(idim,nhiste,nhistt,histe,histt,ade,adt,aen,atime,acut_1) 
        end 

  

             

  
     % c case 2 hopping 
        for inum = 1: mcut-1 
        if( rans > pij(i,inum)&& rans <= pij(i,inum+1) )  
         ij = ixy(i,inum+1);   
         time(ij) = time(i) + at; 
         i = ij; 
        end 
        end 
    end  

  
    end  
end 

      
for k = 1:nhiste-1       
    a_en= -acut_1 + ade*k;  
    b_en= -acut_1 + ade*(k+1);  
    if(aen>a_en&& aen<=b_en)  
    histe(k+1) = histe(k+1) + 1 
    ihiste = k 

    
    end   

  
end 

  
for j = 1:nhistt-1 
    a_en= adt*j;  
    b_en= adt*j+1;  
     if(atime>a_en && atime<=b_en) 
      histt(j+1) = histt(j+1) + 1 
      ihistt = j 
     end  

    
end 
for i= 1:nhiste 
 energy(i) =  -acut_1 + ade*i; 
 intensity(i)=histe(i)/inorm; 
 plot(energy,intensity) 
end 

  
 toc; 
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